
Deep Transfers
of p-Class Tower Groups

Conference: 3rd International Conference

on Groups and Algebras

(ICGA Sanya 2018)

Place: International Asia-Pacific

Convention Center

Venue: Sanya, Hainan, China

Date: January 13 – 15, 2018

Author: Daniel C. Mayer (Graz, Austria)

Affiliation: Austrian Science Fund (FWF)

A presentation within the frame of the
international scientific research project

Towers of p-Class Fields
over Algebraic Number Fields

supported by the Austrian Science Fund (FWF):
P 26008-N25

1



2

Daniel C. Mayer (Austrian Science Fund), Deep transfers of p-tower groups, ICGA Sanya 2018

I. GROUP THEORETIC
FOUNDATIONS

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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1. Finite 3-groups G with coclass cc(G) = 1

They possess maximal possible nilpotency class c := cl(G).

Let the lower central series of G be defined by
γ1G := G and γiG := [γi−1G,G] for 2 ≤ i ≤ c + 1,
such that γc+1G = 1 (i.e., c + 1 is the index of nilpotency).
If |G| = 3n and
the factors γiG/γi+1G ' C3 are cyclic for 2 ≤ i ≤ c
(i.e., of minimal possible order),
then 3n = (G : γ2G) ·

∏c
i=2 (γiG : γi+1G) = (G : γ2G) · 3c−1.

If G is non-abelian, then G/γ2G cannot be cyclic,
whence (G : γ2G) ≥ 32, n ≥ 2 + c− 1 = c + 1,
and the maximal possible value of c ≤ n− 1 is n− 1.
The difference cc(G) := n− cl(G) is called the coclass of G.
Here we have cc(G) = n− (n− 1) = 1

Since c = n− 1 implies G/γ2G ' C3 × C3, the group
G = 〈x, y〉 has two generators, according to W. Burnside.

Proposition. (Parametrized polycyclic pc-presentation.)
Let s2 = [y, x], si = [si−1, x] for 3 ≤ i ≤ n, sn−1 6= 1 = sn,
then a template for infinitely many presentations
of all finite non-abelian 3-groups G with coclass cc(G) = 1
is due to N. Blackburn(4) (1958): G is isomorphic to

Gn
a(z, w) = 〈x, y | x3 = swn−1, y

3s3
2s3 = szn−1, [y, s2] = san−1〉,

where the parameters
a ∈ {0, 1}, w, z ∈ {−1, 0, 1} are bounded,
but the index of nilpotency n ≥ 3 is unbounded.

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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Two-step centralizer of G′ = γ2G (commutator subgroup):

χ2G/γ4G := centralizerG/γ4G(γ2G/γ4G),

that is, χ2G is the biggest subgroup of G such that

[χ2G, γ2G] ≤ γ4G,

introduced by A. Wiman(19) (1952), studied by Blackburn.

Lemma. If G = 〈x, y〉 ' Gn
a(z, w) is a finite 3-group with

coclass cc(G) = 1 and n ≥ 4, given in Blackburn presentation,
then χ2G = 〈y,G′〉 =: H1 is a maximal subgroup of G and

γn−kG := [H1, G
′] = H ′1 =

{
1 = γn−0G if a = 0,

ζ(G) = γn−1G if a = 1.

The invariant k = a is called defect of commutativity of G.

Corollary. There exist four maximal subgroups of G,

H1, H2 = 〈x,G′〉, H3 = 〈xy,G′〉, H4 = 〈xy2, G′〉.
Whereas the commutator quotient of the two-step centralizer1

depends on n ≥ 4 and k and has order |H1/H
′
1| ≥ 27,

H1/H
′
1 '

{
C3 × C3 × C3 if n = 4, z = 1, w = 0,

A(3, n− 1− k) otherwise (Polarization),

the other abelianizations are constant:
(∀ 2 ≤ j ≤ 4) Hj/H

′
j ' C3 × C3 (Stabilization).

Theorem 1.(13) Let G ' Gn
a(z, w) be a finite 3-group

with coclass cc(G) = 1 and order |G| = 3n, n ≥ 4.
Those 3 maximal subgroups Hj, 2 ≤ j ≤ 4, of G,

which are distinct from the two-step centralizer H1 = χ2G,
are also finite 3-groups with coclass cc(Hj) = 1.

Each of them is isomorphic to eitherGn−1
0 (0,0) orGn−1

0 (0,1).
Details are given in the Main Theorem of § 2.

1 A(3, 2u), resp. A(3, 2u+ 1), denotes the nearly homocyclic abelian 3-group C3u ×C3u , resp. C3u+1 ×C3u .
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Proof. (of Theorem 1)
In fact, this proof is valid for any
metabelian p-group G with coclass cc(G) = 1,
where p denotes an arbitrary prime number.
• Let H be a maximal subgroup of G ' Gn

a(z, w)
different from the two-step centralizer H1 = χ2G = 〈y,G′〉,
then H has abelian quotient invariants (AQI) (p, p),
i.e. H/H ′ ' Cp × Cp.

Since the abelian commutator subgroup G′ of G
is a maximal subgroup of the metabelian group H ,
H must necessarily be of coclass cc(H) = 1.
(Metabelian p-groups of bigger coclass with AQI (p, p)
do not possess any abelian maximal subgroups.)
• Now denote the generators of G, resp. H , in their

presentations according to R. J. Miech(15) (1970) by

x y s2 s3 . . . sc
resp. ξ υ σ2 σ3 . . . σκ

then the lower central series of H coincides with
the truncated lower central series of G,

(∀ 2 ≤ i ≤ c) γiH = γi+1G, and thus

υ = s2, σ2 = s3, σ3 = s4, . . ., σκ = sc with κ = c− 1,
and ξ 6= y is one of the elements x, xy, xy2, . . ., xyp−1. Then
the relations [υ, σ2] = [s2, s3] = 1 = σακ and2

υ(p1)σ
(p2)
2 . . . σ

(pp)
p = s

(p1)
2 s

(p2)
3 . . . s

(pp)
p+1 = 1 = σζκ

show that the parameters in the presentation H = Gν
α(ζ, ω)

are given by α = 0, ν = n− 1, ζ = 0 and ω ∈ {0, 1}.3 �

2 For p = 3, these power relations are υ3σ3
2σ3 = s32s

3
3s4 = 1.

3 All groups Gn−1
0 (0, ω) with ω 6= 0 and fixed n are isomorphic.
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2. Group theoretic main result

Main Theorem.(13)

Let G = 〈x, y〉 ' Gn
a(z, w) be a finite 3-group

of coclass cc(G) = 1 and order |G| = 3n

with generators x, y such that y ∈ χ2G and x ∈ G \ χ2G,
given by a polycyclic power commutator presentation
with parameters a ∈ {0, 1}, w, z ∈ {−1, 0, 1},
and index of nilpotency n ≥ 4 (i.e., class c = n− 1 ≥ 3).

Then three of the four maximal subgroups,
Hj = 〈xyj−2, G′〉 < G, 2 ≤ j ≤ 4,
are non-abelian 3-groups of coclass cc(Hj) = 1,
as listed in Table 1 in dependence on the parameters n, a, z, w.

Table 1. Non-abelian maximal subgroups Hj , 2 ≤ j ≤ 4, of 3-groups G of coclass 1

G ' n a z w H2 = 〈x,G′〉 H3 = 〈xy,G′〉 H4 = 〈xy2, G′〉 N(0)

d Gn
0 (0, 0) ≥ 4 0 0 0 ' Gn−1

0 (0,0) ' Gn−1
0 (0,0) ' Gn−1

0 (0,0) 3

q Gn
0 (0,1) ≥ 4 0 0 1 ' Gn−1

0 (0, 1) ' Gn−1
0 (0, 1) ' Gn−1

0 (0, 1) 0

s Gn
0 (1, 0) ≥ 4 0 1 0 ' Gn−1

0 (0,0) ' Gn−1
0 (0, 1) ' Gn−1

0 (0, 1) 1

s Gn
0 (−1, 0) ≥ 4 0 −1 0 ' Gn−1

0 (0,0) ' Gn−1
0 (0, 1) ' Gn−1

0 (0, 1) 1

Gn
1 (0,−1) ≥ 5 1 0 −1 ' Gn−1

0 (0, 1) ' Gn−1
0 (0,0) ' Gn−1

0 (0,0) 2

Gn
1 (0,0) ≥ 5 1 0 0 ' Gn−1

0 (0,0) ' Gn−1
0 (0, 1) ' Gn−1

0 (0, 1) 1

Gn
1 (0,1) ≥ 5 1 0 1 ' Gn−1

0 (0, 1) ' Gn−1
0 (0, 1) ' Gn−1

0 (0, 1) 0

N(0) denotes the number of groupsGn−1
0 (0,0) amongH2, H3, H4.

Our particular attention will be devoted to the deficient
groups with positive defect k = a = 1 (red color)4.

4 For a fixed value of n ≥ 5, these groups are isoclinic in the sense of Hall(7) and Easterfield.(6)
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The supplementary Table 2 shows
the abelian maximal subgroups
of the remaining two extra special 3-groups
of coclass cc(G) = 1, class c = n− 1 = 2, and order |G| = 33.

Table 2. Abelian maximal subgroups Hj , 1 ≤ j ≤ 4, of extra special 3-groups G

G ' n a z w H1 = 〈y,G′〉 H2 = 〈x,G′〉 H3 = 〈xy,G′〉 H4 = 〈xy2, G′〉
G3

0(0, 0) 3 0 0 0 ' C3 × C3 ' C3 × C3 ' C3 × C3 ' C3 × C3

G3
0(0, 1) 3 0 0 1 ' C3 × C3 ' C9 ' C9 ' C9

Result: According to the Main Theorem, the number N(0)
of groups Gn−1

0 (0,0) among H2, H3, H4 is able to characterize
the groupsGn

1(0, w) with positive defect of commutativity k =
a = 1 and any n ≥ 5 unambiguously:

N(0) =


2 if w = −1,

1 if w = 0,

0 if w = 1.

Question: Can we distinguish the
two possible maximal subgroups,
the dihedron-related group Gn−1

0 (0,0) and
the quaternion-related group Gn−1

0 (0,1),
by some invariant which is accessible to direct computation?

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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3. Shallow and deep Schur transfers

These homomorphisms were introduced by I. Schur(17) (1902).

Let G be a finite 3-group with cc(G) = 1. Then G is
metabelian with G′′ = 1 and abelian commutator subgroup
G′, according to Blackburn.(3)

Shallow transfers5 to the maximal subgroups (1 ≤ j ≤ 4):

TG,Hj
: G/G′ → Hj/H

′
j, g·G′ 7→

{
g3 if g ∈ G \Hj,

g1+h+h2
if g ∈ Hj,

where h ∈ G \Hj is arbitrary.

Proposition. If n ≥ 5 and G ' Gn
1(0, w), then

ker(TG,Hj
) = G/G′ for 1 ≤ j ≤ 4, independently of w.

=⇒ Shallow transfers do not identify G unambiguously.

Deep transfers (1 ≤ j ≤ 4) to the commutator subgroup:

THj ,G′ : Hj/H
′
j → G′, g ·H ′j 7→

{
g3 if g ∈ Hj \G′,
g1+h+h2

if g ∈ G′,
where h ∈ Hj \G′ is arbitrary.

Theorem 2.(14) If n ≥ 5 and G ' Gn
1(0, w), then

# ker(THj ,G′) =


9 if j ∈ {3, 4}, w = −1,

9 if j = 2, w = 0,

3 otherwise,

in dependence on the parameter w ∈ {−1, 0, 1}.
=⇒
Deep transfers admit the unambiguous identification of G.

5 Schur did not distinguish between shallow and deep transfers.
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lattice L(G)

of normal subgroups of G uG 3-group of maximal class

Shallow transfers
TG,Hj

: G/G′ → Hj/H
′
j

ker(TG,Hj
) = G/G

′

for 2 ≤ j ≤ 4

(independent of w)

TG,H2
TG,H3

TG,H4

�
�
�
�
�
�
�
�
�
�
��uH1

S
S
S
S
S
S
S
S
S
S
SS

H1/H
′
1

' A(3, n− 1− k),

polarization

(dependent on

order 3n and defect k

of G)

�
�
�
�
�
�
�
�
�
���

C
C
C
C
C
C
C
C
C
CCW

S
S
S
S
S
S
S
S
S
SSwu u uH2 H3 H4

4 maximal subgroups of G

Deep transfers
THj,G

′ : Hj/H
′
j → G′TH2,G′ TH3,G′ TH4,G′

# ker(THj,G
′ ) =


9 if j ∈ {3, 4}, w = −1

9 if j = 2, w = 0

3 otherwise

(dependent on the parameter w ∈ {−1, 0, 1})

C
C
C
C
C
C
C
C
C
CCW

�
�
�
�
�
�
�
�
�
���

�
�
�
�
�
�
�
�
�
��/

G′ = γ2(G) commutator subgroup of Gu
G/G′ ' C3 × C3

Hj/H
′
j ' C3 × C3

for 2 ≤ j ≤ 4, stabilization

(independent of order 3n and defect k of G)uH′j = γ3(G) commutator subgroup of Hj

for 2 ≤ j ≤ 4

uG′′ = 1 trivial subgroup of G

Result: According to Theorem 2 in § 3, the number N(0)
of total deep Schur transfer kernels # ker(THj ,G′) = 9 among
the maximal subgroups Hj, 2 ≤ j ≤ 4, of the stabilization is
able to characterize the deficient groupsGn

1(0, w) with positive
defect k = a = 1 and any n ≥ 5 unambiguously:

N(0) =


2 if w = −1,

1 if w = 0,

0 if w = 1.

Question: Can we translate the kernels of
deep Schur transfers from group theory to number theory?
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II. NUMBER THEORETIC
APPLICATIONS

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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lattice L(G)

of normal subgroups of G

Galois correspondence of lattices

L(G) ' L(F )
� -

lattice L(F )

of unramified normal extensions of Fu uG = G
(∞)
3 (F ) = Gal(F

(∞)
3 /F ) 3-class tower group of F real quadratic field F = Q(

√
d), d > 1 [F : Q] = 2

Shallow transfers
TG,Hj

: G/G′ → Hj/H
′
j

and
TF,Ej

: Cl3(F )→ Cl3(Ej)

ker(TG,Hj
) = G/G

′

' ker(TF,Ej
) = Cl3(F )

for 2 ≤ j ≤ 4

(independent of w)

Shallow transfers

do not identify

G unambiguously.

TG,H2
TG,H3

TG,H4
TF,E2

TF,E3
TF,E4

�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
��u uH1 E1

S
S
S
S
S
S
S
S
S
S
SS

S
S
S
S
S
S
S
S
S
S
SS

H1/H
′
1

' Cl3(E1)

' A(3, n− 1− k),

polarization

(dependent on

order 3n and defect k

of G)

�
�
�
�
�
�
�
�
�
���

�
�
�
�
�
�
�
�
�
���

C
C
C
C
C
C
C
C
C
CCW

C
C
C
C
C
C
C
C
C
CCW

S
S
S
S
S
S
S
S
S
SSw

S
S
S
S
S
S
S
S
S
SSwu u uH2 H3 H4

4 maximal subgroups of G

Hj = Gal(F
(∞)
3 /Ej) u u uE2 E3 E4

4 unramified cyclic cubic extensions of F [Ej : Q] = 6

Deep transfers
THj,G

′ : Hj/H
′
j → G′

and
T
Ej,F

(1)
3

: Cl3(Ej)→ Cl3(F
(1)
3 )

TH2,G′ TH3,G′ TH4,G′
T
E2,F

(1)
3

T
E3,F

(1)
3

T
E4,F

(1)
3

# ker(THj,G
′ ) =


9 if j ∈ {3, 4}, w = −1

9 if j = 2, w = 0

3 otherwise

(dependent on the parameter w ∈ {−1, 0, 1})

Deep transfers

admit the unambiguous

identification of G.

ker(T
Ej,F

(1)
3

) ' ker(THj,G
′ )

C
C
C
C
C
C
C
C
C
CCW

C
C
C
C
C
C
C
C
C
CCW

�
�
�
�
�
�
�
�
�
���

�
�
�
�
�
�
�
�
�
���

�
�
�
�
�
�
�
�
�
��/

�
�
�
�
�
�
�
�
�
��/

G′ = γ2(G) = Gal(F
(∞)
3 /F

(1)
3 ) commutator subgroup of G Hilbert 3-class field of F F

(1)
3

u u [F
(1)
3 : Q] = 18

Artin reciprocity isomorphism

G/G′ ' Gal(F
(1)
3 /F ) ' Cl3(F ) ' C3 × C3

Hj/H
′
j ' Gal((Ej)

(1)
3 /Ej) ' Cl3(Ej) ' C3 × C3

for 2 ≤ i ≤ 4, stabilization

(independent of order 3n and defect k of G)u uH′j = γ3(G) = Gal(F
(∞)
3 /(Ej)

(1)
3 ) commutator subgroup of Hj

for 2 ≤ j ≤ 4

Hilbert 3-class field of Ej

for 2 ≤ j ≤ 4

(Ej)
(1)
3

u uG′′ = 1 trivial subgroup of G

maximal unramified pro-3 extension:

3-class tower of F
and of Ej , which is dihedral over Q F

(2)
3 = F

(∞)
3 = (Ej)

(2)
3 = (Ej)

(∞)
3

for 2 ≤ j ≤ 4

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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4. Shallow and deep Artin transfers

We consider a quadratic field with discriminant d 6= 1,

F = Q(
√
d), [F : Q] = 2,

having an elementary bicyclic 3-class group of rank two,

Cl3(F ) ' C3 × C3.

By Artin’s reciprocity law of class field theory,
F possesses four unramified cyclic cubic extensions,

Ej/F, [Ej : F ] = 3, 1 ≤ j ≤ 4,

lying within the Hilbert 3-class field F
(1)
3 of F .

Each Ej is dihedral over Q with degree [Ej : Q] = 6,

Gal(Ej/Q) ' D(6), 1 ≤ j ≤ 4.

We apply Chapter I (on group theoretic foundations)
to the 3-class tower group of F ,

G = G
(∞)
3 (F ) = Gal(F

(∞)
3 /F ),

with four maximal subgroups,

Hj = Gal(F
(∞)
3 /Ej), 1 ≤ j ≤ 4,

and we gain information about E. Artin’s(1)

shallow 3-class transfers TF,Ej
: Cl3(F )→ Cl3(Ej), and

the deep 3-class transfers T
Ej ,F

(1)
3

: Cl3(Ej)→ Cl3(F
(1)
3 ),

whose kernels coincide with those of the Schur transfers,

ker(TF,Ej
) ' ker(TG,Hj

), ker(T
Ej ,F

(1)
3

) ' ker(THj ,G′).

According to the following Lemma, cc(G) = 1 implies

F
(2)
3 = F

(∞)
3 = (Ej)

(2)
3 = (Ej)

(∞)
3 , 1 ≤ j ≤ 4.

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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Suppose that p is a prime,
F is an algebraic number field
with non-trivial p-class group ClpF ,
and E is one of the unramified abelian p-extensions of F .

Then E is a subfield of the Hilbert p-class field F
(1)
p ,

and we show that, even in this general situation,
a finite p-class tower of F
exerts a very severe restriction on the p-class tower of E.

Lemma.(13)

Assume that F possesses a p-class tower F
(∞)
p = F

(n)
p of exact

length `pF = n for an integer n ≥ 1. Then E
(∞)
p = F

(∞)
p and

Gal(E
(∞)
p /E) is a subgroup of index [E : F ] in Gal(F

(∞)
p /F ).

In particular, if [E : F ] = p,

then Gal(E
(∞)
p /E) is a maximal subgroup of Gal(F

(∞)
p /F ).

Proof. According to the assumptions,
and to the ordering theorem of class field theory,
there exists a tower of field extensions

F ≤ E ≤ F (1)
p ≤ E(1)

p ≤ F (2)
p ≤ E(2)

p ≤ . . .

. . . ≤ F (n)
p ≤ E(n)

p ≤ F (n+1)
p ≤ E(n+1)

p ≤ F (n+2)
p ,

where `pF = n enforces the coincidence

F (n)
p = E(n)

p = F (n+1)
p = E(n+1)

p = F (n+2)
p .

Since Gal(F
(n)
p /F )/Gal(F

(n)
p /E) ' Gal(E/F ),

the group index of Gal(E
(n)
p /E) = Gal(F

(n)
p /E) in Gal(F

(n)
p /F )

is equal to the field degree [E : F ], and

Gal(E
(∞)
p /E) = Gal(E

(n)
p /E) is a subgroup of index [E : F ]

in Gal(F
(n)
p /F ) = Gal(F

(∞)
p /F ). �

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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5. Identifiers of finite p-groups

p . . . a prime number,
e . . . a positive integer (for instance, e ≤ 8 if p = 3),
N . . . the number of all p-groups G of order |G| = pe.

Absolute Identifiers: For 1 ≤ i ≤ N ,
the symbol

〈pe, i〉 or briefly 〈i〉
denotes the
ith p-group of order pe,
according to the SmallGroups Database(2) of MAGMA(9)

(returned by the command IdentifyGroup(),
provided that e ≤ 6 if p = 3).

The symbols Φ2,Φ3,Φ9,Φ10, resp. Φ35,Φ36,
denote isoclinism families by Hall(7), resp. Easterfield(6).

Descendant tree of 3-groups G with coclass cc(G) = 1

Blackburn presentation G ' Gn
a (z, w) = 〈x, y | x3 = swn−1, y

3s32s3 = szn−1, [y, s2] = san−1〉,
where s2 = [y, x], si = [si−1, x], sn−1 6= 1, sn = 1, n ≥ 3, a ∈ {0, 1}, w, z ∈ {−1, 0, 1}

Main Theorem. If Cl3(E1) ' A(3, 4) ' C9 × C9, then k = 1, ker(TF,E1
) = Cl3(F ),

G
(∞)
3 (F ) '


G6

1(0, 0) ' 〈99〉,
G6

1(0,−1) ' 〈100〉,
G6

1(0, 1) ' 〈101〉,
if # ker(T

Ej,F
(1)
3

) = 9


occurs once,

occurs twice,

does not occur,

and, for 2 ≤ j ≤ 4, G
(∞)
3 (Ej) '

{
G5

0(0, 0) ' 〈26〉,
G5

0(0, 1) ' 〈27〉,
if # ker(T

Ej,F
(1)
3

) =

{
9,

3.

order

9

27

81

243

729

abelian root C3 × C3

e
e
e
e
?

infinite

mainline

forbidden with µ = 4

�
�
�

�
�
�

��
����

e Φ2

〈27〉 〈26〉ee
Φ9

@
@
@

HH
HHHH

PPPPPPPPPb b bforbidden branch with σ = 0 (action flag σ of G)

Φ10

�
�
�

�
�
�

���
���

���
���

���������

���������

eee Φ3

eee
Φ35

@
@
@

HHH
HHH

PPPPPPPPP
〈99〉

w = 0

62501

〈100〉
w = −1

152249

〈101〉
w = 1

252977

b b badmissible branch with σ = 1, µ = 3 (relation rank µ of G)#
"

 
!

stem of Hall/Easterfield’s isoclinism family Φ36

parameter in the power-commutator presentation of G

minimal discriminants d such that G ' G(∞)
3 (Q(

√
d))

� -
k = 0

� -
k = 1

defect of commutativity

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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6. Coarse information on the groups Gn
1(0,w)

Throughout the sections §§ 6 to 10,
we assume that F = Q(

√
d) is a real quadratic field with

discriminant d > 1 and 3-class group Cl3F ' C3 × C3.

Furthermore, we denote by Ej/F , 1 ≤ j ≤ 4,
the four unramified cyclic cubic extensions of F

within the Hilbert 3-class field F
(1)
3 of F ,

which give rise to totally real dihedral absolute extensions
Ej/Q of degree six with torsion free Dirichlet unit rank r =
r1 + r2 − 1 = 6 + 0− 1 = 5.

Lemma.(13) (Coarse structure:)
If the 3-class group Cl3Ej is of type C3 × C3

for some 1 ≤ j ≤ 4, then (after a suitable renumeration)

(∀ 2 ≤ j ≤ 4) Cl3Ej ' C3 × C3 (stabilization)

and the 3-tower group G = G
(∞)
3 F is of coclass cc(G) = 1.

(Fine structure:)
If the 3-class group Cl3E1 of the distinguished extension E1,
which corresponds to the two-step centralizer H1 = χ2G of G
and is called the polarization,
has even logarithmic order Cl3E1 ' A(3, 2u) for some u ≥ 2,
then G ' G2u+2

1 (0,w) for some w ∈ {−1, 0, 1} and k = 1.

At the 2nd ICGA 2016 Suzhou, we(11),(12) have presented
the following distribution of minimal discriminants d
on the coclass-1 tree with abelian root C3 × C3.

For positive defect k = 1, we were unable to distinguish
between the three possible values of the parameter w.
(See the red double contour rectangle on the right hand side.)
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Distribution6 of 3-tower groups G∞3 F of real quadratic fields F = Q(
√
d) with fundamental discriminants 32 009 ≤ d ≤ 208 540 653

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)
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?
infinite

mainline

T 1(〈9, 2〉)

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

bifurcation from G(3, 1)
to G(3, 2)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)

�
�
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�
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�
�

32 009 142 097 72 329

494 236 790 085 62 501

10 200 108 25 714 984 2 905 160

208 540 653 37 304 664 40 980 808

6 Cl3Q(
√
d), resp. ker(TQ(

√
d),Ej

), for d = 62 501 was found by Pall(16), resp. Heider and Schmithals(8).
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7. Separating the ground state G6
1(0,w)

Theorem. (Ground state of type a.1.)

If Cl3E1 ' A(3, 4) ' C9 × C9, then

1. ker(TF,E1) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F is

G
(∞)
3 F '


G6

1(0,0) ' 〈729, 99〉
G6

1(0,−1) ' 〈729, 100〉
G6

1(0,1) ' 〈729, 101〉

⇐⇒ among 2 ≤ i ≤ 4, # ker(T
Ei,F

(1)
3

) = 9


occurs once,

occurs twice,

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields Ej are

(∀ 2 ≤ j ≤ 4) G
(∞)
3 Ej '

{
G5

0(0,0) ' 〈243, 26〉
G5

0(0,1) ' 〈243, 27〉

⇐⇒ # ker(T
Ej ,F

(1)
3

) =

{
9 (total deep transfer),

3 (partial deep transfer).

Example. The next figure visualizes the minimal
discriminants of the ground state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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Ground state7 of 3-tower groups G∞3 F ' G6
1(0, w) of real quadratic fields F = Q(

√
d) with discriminants 62 501 ≤ d ≤ 252 977

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)
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infinite

mainline

T 1(〈9, 2〉)

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

bifurcation from G(3, 1)
to G(3, 2)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)
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32 009 142 097 72 329

494 236 790 085 152 949 62 501 252 977

10 200 108 25 714 984 2 905 160

208 540 653 37 304 664 40 980 808

7 Cl3Q(
√
d) and G2

3Q(
√
d) for d = 152 949 were found by ourselves(10).
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8. Separating the first excited state G8
1(0,w)

Theorem. (First excited state of type a.1.)

If Cl3E1 ' A(3, 6) ' C27 × C27, then

1. ker(TF,E1) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F is

G
(∞)
3 F '


G8

1(0,0) ' 〈6561, 2225〉
G8

1(0,−1) ' 〈6561, 2226〉
G8

1(0,1) ' 〈6561, 2227〉

⇐⇒ among 2 ≤ i ≤ 4, # ker(T
Ei,F

(1)
3

) = 9


occurs once,

occurs twice,

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields Ej are

(∀ 2 ≤ j ≤ 4) G
(∞)
3 Ej '

{
G7

0(0,0) ' 〈2187, 386〉
G7

0(0,1) ' 〈2187, 387〉

⇐⇒ # ker(T
Ej ,F

(1)
3

) =

{
9 (total deep transfer),

3 (partial deep transfer).

Example. The next figure visualizes the minimal discrimi-
nants of the first excited state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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First excited state of 3-tower groups G∞3 F ' G8
1(0, w) of real quadratic fields F = Q(

√
d) with 2 905 160 ≤ d ≤ 27 786 297

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)
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infinite

mainline

T 1(〈9, 2〉)

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

bifurcation from G(3, 1)
to G(3, 2)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)
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32 009 142 097 72 329

494 236 790 085 152 949 62 501 252 977

10 200 108 25 714 984 27 780 297 10 399 596 2 905 160

208 540 653 37 304 664 40 980 808

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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9. Separating the second excited state G10
1 (0,w)

Theorem. (Second excited state of type a.1.)

If Cl3E1 ' A(3, 8) ' C81 × C81, then

1. ker(TF,E1) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F is

G
(∞)
3 F '


G10

1 (0,0)

G10
1 (0,−1)

G10
1 (0,1)

⇐⇒ among 2 ≤ i ≤ 4, # ker(T
Ei,F

(1)
3

) = 9


occurs once,

occurs twice,

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields Ej are

(∀ 2 ≤ j ≤ 4) G
(∞)
3 Ej '

{
G9

0(0,0)

G9
0(0,1)

⇐⇒ # ker(T
Ej ,F

(1)
3

) =

{
9 (total deep transfer),

3 (partial deep transfer).

Example. The next figure visualizes the minimal discrimi-
nants of the second excited state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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Second excited state of 3-tower groups G∞3 F ' G10
1 (0, w) of real quadratic fields F = Q(

√
d) with 40 980 808 ≤ d ≤ 63 407 037

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)

TTT

6

depth 1

?

6

period length 2

?

t
t
t
t
t
t
t
t

t
t
t
t
t
t
t
t

t
t
t
t
t
t
t

t

t

t

t

q
q
q
q
q

q
q
q
q
q

q
q
q
q
q

q q q

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
�

�
�
�

�
���

���
���

��
����

����
�
���

���
���

��
���

���
��

�
���

���
���

��
���

���
��

���
���

����

��������������

��������������

��������������

��������������

@
@
@
@
@

@
@
@
@
@

@
@
@
@
@

@
@
@
@
@

@
@
@
@
@

HH
HHH

HHH
HH

HHH
HHH

HHHH
H
HHH

HHH
HHH

HHH
HHH

HHHH
H
HHH

HHH
HHH

PPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPP
@
@
@
@
@

HHH
HHH

HHHH

PPPPPPPPPPPPPP

?
infinite

mainline

T 1(〈9, 2〉)

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

bifurcation from G(3, 1)
to G(3, 2)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)
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32 009 142 097 72 329

494 236 790 085 152 949 62 501 252 977

10 200 108 25 714 984 27 780 297 10 399 596 2 905 160

208 540 653 37 304 664 62 565 429 63 407 037 40 980 808

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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10. Full separation of all states Gn
1(0,w)

General Theorem.(13)

(Hyper fine structure of an arbitrary state of type a.1.)

The case Cl3E1 ' A(3, 2) ' C3 × C3 cannot occur, but
if Cl3E1 ' A(3, 2u) ' C3u × C3u, for some u ≥ 2, then

1. (∀ 1 ≤ j ≤ 4) ker(TF,Ej
) = Cl3F

(four total shallow transfer kernels).

2. In dependence on the deep transfer kernels
of the stabilization,
the 3-class tower group of the real quadratic field F is

G
(∞)
3 F '


G2u+2

1 (0,−1)

G2u+2
1 (0,0)

G2u+2
1 (0,1)

⇐⇒ among 2 ≤ j ≤ 4, # ker(T
Ej ,F

(1)
3

) = 9


occurs twice,

occurs once,

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields Ej are

(∀ 2 ≤ j ≤ 4) G
(∞)
3 Ej '

{
G2u+1

0 (0,0)

G2u+1
0 (0,1)

⇐⇒ # ker(T
Ej ,F

(1)
3

) =

{
9 (total deep transfer kernel),

3 (partial d.t.k. with fixed point).

Example. The next figure visualizes the minimal discrimi-
nants of known states of type a.1 adjacent to the red ovals.
You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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Distribution8 of 3-tower groups G∞3 F ' Gn
1 (0, w) of real quadratic fields F = Q(

√
d) with discriminants 62 501 ≤ d ≤ 63 407 037

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)
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?
infinite

mainline

T 1(〈9, 2〉)

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

bifurcation from G(3, 1)
to G(3, 2)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)
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32 009 142 097 72 329

494 236 790 085 152 949 62 501 252 977

10 200 108 25 714 984 27 780 297 10 399 596 2 905 160

208 540 653 37 304 664 62 565 429 63 407 037 40 980 808

8 d = 40 980 808 was found by Bush(5), the full separation was determined by ourselves(14).
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Proof. (of the Lemma in § 6 and the General Theorem in § 10)

(1) Firstly, the structure of the 3-class groups

Cl3Ej ' C3 × C3, for 2 ≤ j ≤ 4, (stabilization)

enforces coclass one for the second 3-class group G
(2)
3 F .

Together with p = 3, the coclass one of G
(2)
3 F implies

the termination F
(2)
3 = F

(∞)
3 of the 3-class tower of F at the second stage9.

The 3-class group of the distinguished extension E1/F (polarization),

Cl3E1 ' A(3, n− k − 1) = A(3, 2u)

with even logarithmic order n− k − 1 = 2u, u ≥ 1,
has consequences for the invariants n = log3(|G|) and k

of the 3-class tower group G = G
(∞)
3 F = G

(2)
3 F .

Either k = 0, n = 2u+ 1 odd with u ≥ 1, and
G = Gn

0 (0, 0) must be a mainline vertex, due to the required GI-action10.
But then the relation rank µ(G) = 4 is too big.

Or k = 1, n = 2u+ 2 even with u ≥ 2, and
G = Gn

1 (0, w) is a vertex of depth 1 with defect k = 1 having both,
the required relation rank 11 µ(G) = 3, and a GI-action with flag σ = 1.
The positive defect k = 1 implies four total shallow transfer kernels

(∀ 1 ≤ j ≤ 4) ker(TF,Ej) = Cl3F ' C3 × C3.

(2) Secondly, the parameter w ∈ {−1, 0, 1} of G = Gn
1 (0, w) is determined by

the number N(0) of occurrences of # ker(T
Ej ,F

(1)
3

) = 9

that is, total deep transfer kernels, among j ∈ {2, 3, 4},
according to Theorem 2 in § 3.

(3) Next, the Lemma in § 4 implies the coincidence

F
(2)
3 = (Ej)

(2)
3 = F

(3)
3 = (Ej)

(3)
3 = F

(4)
3 .

Therefore, (Ej)
(2)
3 = (Ej)

(∞)
3 also terminates at length `3Ej = 2, and

G
(∞)
3 Ej = Gal((Ej)

(∞)
3 /Ej) = Gal(F

(∞)
3 /Ej)

is a maximal subgroup of G = G
(∞)
3 F = Gal(F

(∞)
3 /F ).

Thus, G
(∞)
3 Ej ' Gn−1

0 (0, w) with w ∈ {0, 1}. Finally, if we put

H1 := G′ = Gal(F
(∞)
3 /F

(1)
3 ) < G := Hj = Gal(F

(∞)
3 /Ej) = G

(∞)
3 Ej,

then we see that the deep transfer kernel ker(T
Ej ,F

(1)
3

) = ker(THj ,G′) of G

coincides with the shallow transfer kernel ker(TG,H1) of G ' Gn−1
0 (0, w).

(Observe that H1 = G′ is the polarization of G = Hj.) �

9 According to Blackburn(3).
10 Existence of a generator inverting automorphism σ ∈ Aut(G) such that σ(x) = x−1 for x ∈ G/G′.
11 According to Shafarevich(18).
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11. All known realizations of 3-groups Gn
a(z, w)

as 3-class tower groups Gal(F
(∞)
3 /F )

Real quadratic fields F = Q(
√
d) with d < 109 Totally real dihedral fields F with discriminants d < 1024

Cyclic cubic fields F with conductors c < 105 Bicyclic biquadratic fields F = Q(
√
−3,
√
d) with d < 5 · 104

order 3n

9 32

27 33

81 34

243 35

729 36

2 187 37

6 561 38

19 683 39

59 049 310

?

τ(1) =

(1)

(12)

(21)

(22), (21)

(32), (22)

(32), (32)

(43), (32)

(42), (43)

(54), (42)
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infinite

mainline

T 1〈9, 2〉

= C3 × C3C9 =
abelian

= G3
0(0, 0)G3

0(0, 1) =

= Syl3A9

TTT τ(1) = (13)

Φ1

〈1〉 〈2〉

branch B(2)

Φ2

〈4〉 〈3〉

B(3)

Φ3

〈8〉 〈7〉 〈10〉 〈9〉

Φ9

〈25〉 〈27〉 〈26〉

B(4)

Φ10

〈28〉 〈30〉 〈29〉

Φ35

〈98〉 〈97〉 〈96〉 〈95〉

B(5)

Φ36

〈100〉 〈99〉 〈101〉

〈388〉 〈387〉 〈386〉

B(6)

〈390〉 〈389〉 〈391〉

〈2224〉 〈2223〉 〈2222〉 〈2221〉

B(7)

〈2226〉 〈2225〉 〈2227〉

B(8)

B(9)

Gn
0 (0, 0)Gn

0 (0, 1)Gn
0 (1, 0)Gn

0 (−1, 0) Gn
1 (0,−1) Gn

1 (0, 0) Gn
1 (0, 1)

with abelian maximal subgroup without abelian maximal subgroup

TKT a.1

κs = (0000)

TKT A.1

κs = (1111)

TKT a.1∗a.2a.3a.3 a.1 a.1 a.1

κs = (0000)(1000)(2000)(2000) (0000) (0000) (0000)
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32 009 142 097 72 329

494 236 790 085 152 949 62 501 252 977

10 200 108 25 714 984 27 780 297 10 399 596 2 905 160

208 540 653 37 304 664 62 565 429 63 407 037 40 980 808
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657(∗2)

2 439(∗2)
#
"
 
!
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�
�
�
�

8 001(∗1)

3 913(∗2)

8 001(∗2)

4 977(∗1) 20 367(∗1) 4 977(∗2) 14 049(∗1)
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469

7 453
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32 0093 32 0093

62 5013 62 5013

2 905 1603

10 200 1083

37 304 6643

62 565 4293

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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lattice L(G)

of normal subgroups of G

Galois correspondence of lattices

L(G) ' L(F )
� -

lattice L(F )

of unramified normal extensions of Fu uG = G
(∞)
3 (F ) = Gal(F

(∞)
3 /F ) 3-class tower group of F real quadratic field F = Q(

√
d), d > 1 [F : Q] = 2

Shallow transfers
TG,Hj

: G/G′ → Hj/H
′
j

and
TF,Ej

: Cl3(F )→ Cl3(Ej)

ker(TG,Hj
) = G/G

′

' ker(TF,Ej
) = Cl3(F )

for 2 ≤ j ≤ 4

(independent of w)

Shallow transfers

do not identify

G unambiguously.

TG,H2
TG,H3

TG,H4
TF,E2

TF,E3
TF,E4

�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
��u uH1 E1

S
S
S
S
S
S
S
S
S
S
SS

S
S
S
S
S
S
S
S
S
S
SS

H1/H
′
1

' Cl3(E1)

' A(3, n− 1− k),

polarization

(dependent on

order 3n and defect k

of G)

�
�
�
�
�
�
�
�
�
���

�
�
�
�
�
�
�
�
�
���

C
C
C
C
C
C
C
C
C
CCW

C
C
C
C
C
C
C
C
C
CCW

S
S
S
S
S
S
S
S
S
SSw

S
S
S
S
S
S
S
S
S
SSwu u uH2 H3 H4

4 maximal subgroups of G

Hj = Gal(F
(∞)
3 /Ej) u u uE2 E3 E4

4 unramified cyclic cubic extensions of F [Ej : Q] = 6

Deep transfers
THj,G

′ : Hj/H
′
j → G′

and
T
Ej,F

(1)
3

: Cl3(Ej)→ Cl3(F
(1)
3 )

TH2,G′ TH3,G′ TH4,G′
T
E2,F

(1)
3

T
E3,F

(1)
3

T
E4,F

(1)
3

# ker(THj,G
′ ) =


9 if j = 2, w = 0

9 if j ∈ {3, 4}, w = −1

3 otherwise

(dependent on the parameter w ∈ {−1, 0, 1})

Deep transfers

admit the unambiguous

identification of G.

ker(T
Ej,F

(1)
3

) ' ker(THj,G
′ )

C
C
C
C
C
C
C
C
C
CCW

C
C
C
C
C
C
C
C
C
CCW

�
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�
�
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�
���

�
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�
�
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�
�
�
���

�
�
�
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�
�
�
�
�
��/

�
�
�
�
�
�
�
�
�
��/

G′ = γ2(G) = Gal(F
(∞)
3 /F

(1)
3 ) commutator subgroup of G Hilbert 3-class field of F F

(1)
3

u u [F
(1)
3 : Q] = 18

Artin reciprocity isomorphism

G/G′ ' Gal(F
(1)
3 /F ) ' Cl3(F ) ' C3 × C3

Hj/H
′
j ' Gal((Ej)

(1)
3 /Ej) ' Cl3(Ej) ' C3 × C3

for 2 ≤ j ≤ 4, stabilization

(independent of order 3n and defect k of G)u uH′j = γ3(G) = Gal(F
(∞)
3 /(Ej)

(1)
3 ) commutator subgroup of Hj

for 2 ≤ j ≤ 4

Hilbert 3-class field of Ej

for 2 ≤ j ≤ 4

(Ej)
(1)
3

u uG′′ = 1 trivial subgroup of G

maximal unramified pro-3 extension:

3-class tower of F
and of Ej , which is dihedral over Q F

(2)
3 = F

(∞)
3 = (Ej)

(2)
3 = (Ej)

(∞)
3

for 2 ≤ j ≤ 4

Descendant tree of 3-groups G with coclass cc(G) = 1

Blackburn presentation G ' Gn
a (z, w) = 〈x, y | x3 = swn−1, y

3s32s3 = szn−1, [y, s2] = san−1〉,
where s2 = [y, x], si = [si−1, x], sn−1 6= 1, sn = 1, n ≥ 3, a ∈ {0, 1}, w, z ∈ {−1, 0, 1}

Main Theorem. If Cl3(E1) ' A(3, 4) ' C9 × C9, then k = 1, ker(TF,E1
) = Cl3(F ),

G
(∞)
3 (F ) '


G6

1(0, 0) ' 〈99〉,
G6

1(0,−1) ' 〈100〉,
G6

1(0, 1) ' 〈101〉,
if # ker(T

Ej,F
(1)
3

) = 9


occurs once,

occurs twice,

does not occur,

and, for 2 ≤ j ≤ 4, G
(∞)
3 (Ej) '

{
G5

0(0, 0) ' 〈26〉,
G5

0(0, 1) ' 〈27〉,
if # ker(T

Ej,F
(1)
3

) =

{
9,

3.

order
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abelian root C3 × C3
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PPPPPPPPPb b bforbidden branch with σ = 0 (action flag σ of G)
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〈99〉

w = 0

62501

〈100〉
w = −1

152249

〈101〉
w = 1

252977

b b badmissible branch with σ = 1, µ = 3 (relation rank µ of G)#
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stem of Hall/Easterfield’s isoclinism family Φ36

parameter in the power-commutator presentation of G

minimal discriminants d such that G ' G(∞)
3 (Q(

√
d))

� -
k = 0

� -
k = 1

defect of commutativity


