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I. GROUP THEORETIC
FOUNDATIONS

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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1. FINITE 3-GROUPS G WITH COCLASS cc(G) =1

They possess maximal possible nilpotency class ¢ := cl(G).

Let the lower central series of G be defined by
G =G and G =[G, Gl for 2 <i<c+1,
such that v..1G =1 (i.e., ¢+ 1 is the index of nilpotency).
If |G| = 3" and
the factors v,G /v,:1G =~ C3 are cyclic for 2 < i < ¢
(i.e., of minimal possible order),
then 3" = (G : Q) - [[i2y (WG : 7i1G) = (G : G) - 3L,
If G is non-abelian, then G /4G cannot be cyclic,
whence (G :7%G)>3% n>2+c—1=c+1,
and the maximal possible value of c <n —1isn — 1.
The difference cc(G) :=n — cl(G) is called the coclass of G.
Here we have cc(G) =n—(n—1) =1

Since ¢ = n — 1 implies G /7,G ~ C5 x Cj, the group
G = (z,y) has two generators, according to W. BURNSIDE.

Proposition. (Parametrized polycyclic pe-presentation.)
Let s =y, x|, s; = [si_1,x] for 3<i<m, s, 1 #1=s,,
then a template for infinitely many presentations

of all finite non-abelian 3-groups G with coclass cc(G) = 1
is due to N. BLACKBURN® (1958): (' is isomorphic to

Gh(z,w) = (z,y | 2° = s34, y'syss = 7y, [y, s2] = 1),

where the parameters
a € {0,1}, w,z € {—1,0,1} are bounded,
but the index of nilpotency n > 3 is unbounded.

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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Two-step centralizer of G' = G (commutator subgroup):

X2G /4G = centralizerg ., (712G /1G),
that is, xoG is the biggest subgroup of G such that

[XQGa /VQG] < 74(;7

introduced by A. WIMAN(?) (1952), studied by Blackburn.
Lemma. If G = (x,y) ~ GI'(z,w) is a finite 3-group with
coclass cc(G) = 1 and n > 4, given in Blackburn presentation,
then oG = (y, G") =: Hy is a maximal subgroup of G and
1 =7_0G if a =0,
C(G) = fYn—lG if a = 1.

The invariant £ = a is called defect of commutativity of G.

Yo kG = [Hy, G = H)| = {

Corollary. There exist four maximal subgroups of G,

Hy, Hy = (z,G"), Hy = (xy,G"), Hy= (zy’,G").
Whereas the commutator quotient of the two-step centralizer!
depends on n > 4 and k and has order |Hy/H{| > 27,
CgXCgXCg ifn:4,z:1,w:O,
AB3,n—1—Fk) otherwise (Polarization),
the other abelianizations are constant:

(V2<j<4) Hj/H; =~ Cs x Cs (Stabilization).

Hl/H{ ~

Theorem 1.3 Let G ~ G”(z,w) be a finite 3-group
with coclass cc(G) = 1 and order |G| = 3", n > 4.

Those 3 maximal subgroups H;, 2 < j <4, of G,
which are distinct from the two-step centralizer Hy = oG,
are also finite 3-groups with coclass cc(H;) = 1.

Each of them is isomorphic to either Gf (0, 0) or G§~ (0, 1).
Details are given in the Main Theorem of § 2.

1 A(3,2u), resp. A(3,2u+ 1), denotes the nearly homocyclic abelian 3-group C3u x C3u, resp. Cgu+1 X C3u.
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Proof. (of Theorem 1)

In fact, this proof is valid for any

metabelian p-group G with coclass cc(G) = 1,
where p denotes an arbitrary prime number.

e Let H be a maximal subgroup of G >~ G”(z, w)
different from the two-step centralizer Hy = xoG = (y, G'),
then H has abelian quotient invariants (AQI) (p, p),
ie. H/H ~ C, x C,.

Since the abelian commutator subgroup G’ of G
is a maximal subgroup of the metabelian group H,

H must necessarily be of coclass cc(H) = 1.
(Metabelian p-groups of bigger coclass with AQI (p, p)
do not possess any abelian maximal subgroups.)

e Now denote the generators of GG, resp. H, in their
presentations according to R. J. Miecu(?) (1970) by

r vy S S3 ... S¢
resp. & v 09 O3 ... O

then the lower central series of H coincides with
the truncated lower central series of G,
(V2<i<c¢) vH =7.1G, and thus
U=S9, 09 =283 03=2584,...,0.=8.withk =c—1,
and & # y is one of the elements z, zy, zy?, ..., zy?~ . Then
the relations [v, o] = [s9, 53] = 1 = 0% and?
p p p p p
v(]lj)ang) . ng) = sgl>s§2) . 3&21 =1= Ug
show that the parameters in the presentation H = G%((, w)
are given by a =0, v=n—1,( =0 and w € {0,1}.2 ]

2 For p = 3, these power relations are v30303 = sgsg&l =1.

3 All groups Gg_l(O,w) with w # 0 and fixed n are isomorphic.
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2. GROUP THEORETIC MAIN RESULT

Main Theorem.?
Let G = (z,y) ~ G"(z,w) be a finite 3-group

of coclass cc(G) = 1 and order |G| = 3"
with generators x, y such that y € xoG and = € G \ x2G,
given by a polycyclic power commutator presentation
with parameters a € {0,1}, w,z € {—1,0, 1},
and index of nilpotency n >4 (i.e., classc=n —1 > 3).

Then three of the four maximal subgroups,
Hj=(vy?,G") <G, 2<j<4,
are non-abelian 3-groups of coclass cc(H;) = 1,

as listed in Table 1 in dependence on the parameters n, a, z, w.

TABLE 1. Non-abelian maximal subgroups Hj, 2 < j < 4, of 3-groups G of coclass 1

G ~ n la|l z | w || H=(x,G) | H = (zy,G') | Hy = (xy* G') | N(0)
d| Gp(0,0) [>4]0] 0 | 0 | ~Gs*0,0)]| ~Gy1(0,0) | ~Gpt(0,0) | 3
al Gp(0,1) |>4|0]| 0 | 1 ||~Gi0,1) | ~GygY0,1) | ~Gy~Y(0,1) 0
s| Gp(1,0) |>4]0| 1|0 ||~Gi'0,0)| ~Gp*(0,1) | ~Ga*(0,1) 1
s|GR(=1,0) [>4]|0|—1| 0 ||~Gyg*0,0)| ~Gg~1(0,1) | ~Gp1(0,1) 1
G0, ~1)|>5[1] 0 | -1 ~Gr0,1) | ~Gp10,0) | ~Gp1(0,0) | 2
GH0,0) |>5[1] 0] 0 |~GE'0,0)| ~Gi10,1) | ~Gi(0,1) 1
Gro,1) [=5[1) 0 | 1 ||[=Gp'0,1)| ~Gy'(0,1) | ~Gy'(0,1) | 0

N(0) denotes the number of groups G~ *(0, 0) among Hy, H3, H.

Our particular attention will be devoted to the deficient

groups with positive defect & = a = 1 (red color)*.
1

For a fixed value of n > 5, these groups are isoclinic in the sense of Hall(” and Easterfield.(®)
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The supplementary Table 2 shows
the abelian maximal subgroups
of the remaining two extra special 3-groups
of coclass cc(G) = 1, class c = n — 1 = 2, and order |G| = 3°.

TABLE 2. Abelian maximal subgroups H;, 1 < j < 4, of extra special 3-groups G

G~ |n|a|z|w| H ={y,G)| Hy=(z,G') | Hy = (zy,G") | Hy = (zy* G’)

203><03 203)(03 203><03 203><Cg
,) 310(10]|1 203><03 209 ’L"Cg ZCQ

o o
R
N~—
w
o
o
o

Result: According to the Main Theorem, the number N(0)
of groups G4 (0, 0) among Ho, H3, H is able to characterize
the groups G(0, w) with positive defect of commutativity k =
a = 1 and any n > 5 unambiguously:

2 ifw=—1,
NO)=<¢1 ifw=0,
0 ifw=1

Question: Can we distinguish the

two possible maximal subgroups,

the dihedron-related group G§ (0, 0) and

the quaternion-related group G~ *(0, 1),

by some invariant which is accessible to direct computation?

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya.pdf
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3. SHALLOW AND DEEP SCHUR TRANSFERS

These homomorphisms were introduced by I. ScHUR(!T) (1902).

Let G be a finite 3-group with cc(G) = 1. Then G is
metabelian with G” = 1 and abelian commutator subgroup
G', according to Blackburn.®)

Shallow transfers® to the maximal subgroups (1 < j < 4):
3 .
_ / / / g ifgeG \ Hja
Tem, G/G" — H;/Hj, gG" {thM? foeH,
where h € G\ H; is arbitrary.
Proposition. If n > 5 and G ~ G}(0, w), then

ker(Tg.m;) = G/G" for 1 < j < 4, independently of w.
—> Shallow transfers do not identify G unambiguously.

Deep transfers (1 < j < 4) to the commutator subgroup:

3 : /

_ / / / g if g € Hj \ G,
THij/. H]/HJ%G, g-Hj|—>{gl+h+h2 lngG/,

where h € H; \ G’ is arbitrary.
Theorem 2.!'") If n > 5 and G ~ G%(0,w), then

9if j € {3,4}, w = —1,
#ker(Ty, o) = 9if j =2, w=0,
3 otherwise,

in dependence on the parameter w € {—1,0,1}.
—
Deep transfers admit the unambiguous identification of G.

d Schur did not distinguish between shallow and deep transfers.
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lattice £(G)
of normal subgroups of G

G

3-group of maximal class

Shallow transfers
TG, Hy G/G' — Hj/H}

ker(Tg 1) = G/q’
for2 < ;<4

(independent of w)

Deep transfers
. ’ ’
Ty, g Hi/Hj = G

Hy/Hj

~ A(3,n —1—k),
polarization 9if j € {3,4},w = —1
#ker(Ty. q/)=499ifj =2, w=0
J’

3 otherwise

(dependent on

order 3" and defect
of G)

(dependent on the parameter w € {—1,0,1})

G’ = ~v2(G) commutator subgroup of G

G/G' ~ C3 x C3
Hj/H]’ ~ C3 x C3
for 2 < j < 4, stabilization
(independent of order 3™ and defect k of G)
H; = v3(G) @ commutator subgroup of H;
for2<j <4

G = 1 @ trivial subgroup of G

Result: According to Theorem 2 in § 3, the number N(0)
of total deep Schur transfer kernels # ker(THj’G/) = 9 among
the maximal subgroups H;, 2 < j < 4, of the stabilization is
able to characterize the deficient groups G7(0, w) with positive

defect k = a =1 and any n > 5 unambiguously:
2 ifw=-1,
NO)=<1 ifw=0,
0 ifw=1.

Question: Can we translate the kernels of

deep Schur transfers from group theory to number theory?
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II. NUMBER THEORETIC
APPLICATIONS

You can download this presentation from http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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lattice £(G)

of normal subgroups of G

G = G(F) = Gal(F{™) / F)

polarization
(dependent on
order 3" and defect k
of G)

@' = ~2(@) = Gal(F{>) /F{)

HJ’- =v3(GQ) = Gal(Féoo)/(Ej)gl)) @ commutator subgroup of Hj

Galois correspondence of lattices

L(G) ~ L(F)

3-class tower group of F

T, A
F,E;

Shallow transfers
TG,H]- :

Cl3(F) — Cl3(Ej)

real quadratic field

G/G' — Hj/H}

and

ker(Tg 1) = G/G’
~ ker(TF,Ej ) = Cl3(F)

for2< ;<4

(independent of w)

Deep transfers

Ty. qr
Hj,G

! )
: Clg(B;) — Cla(F{Y)

: Hj/H} — G’

and

(1)
B Fy
9if j € {3,4},w=—1
#ker(Ty ) = {95 =2,w=0
’ 3 otherwise

commutator subgroup of G

for2<j <4

G = 1 @ trivial subgroup of G

(dependent on the parameter w € {—1,0,1})

Hilbert 3-class field of F

Artin reciprocity isomorphism
G/G ~ (;al(FSEI(>1 F) ~ Cl3(F) ~ C3 x C3
Hj/H} ~ Gal((Ej)3 ' /Ej) ~ Cl3(E;) =~ C3 x C3
for 2 < ¢ < 4, stabilization
(independent of order 3" and defect k of G)

Y

i . 1
Hilbert 3-class field of E; @ (Ej)i(; )

for2<j<4

lattice £(F)

of unramified normal extensions of F

F=QWd), d>1 [F:Q =2

Shallow transfers
do not identify

G unambiguously.

Deep transfers
admit the unambiguous
identification of G.

ker (T ~ ker (T
er( Ej.Fél)) er( Hj‘G’)

(7 Q) = 18

maximal unramified pro-3 extension:

3-class tower of F'

and of Ej,

which is dihedral over Q @ F?EQ)

for 2

<

P = (2 = ()
j<4

You can download this presentation from

http://www.algebra.at/DCM@ICGA2018Sanya.pdf
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4. SHALLOW AND DEEP ARTIN TRANSFERS

We consider a quadratic field with discriminant d # 1,
F=QWVd), [F:Q=2
having an elementary bicyclic 3-class group of rank two,
C]g(F) ~ Cg X Cg.

By Artin’s reciprocity law of class field theory,
F' possesses four unramified cyclic cubic extensions,

Ej/F, [B;:F]=3 1<j<4
lying within the Hilbert 3-class field Fi" of F.
Each Ej is dihedral over Q with degree [E; : Q] = 6,
Gal(E;/Q) ~ D(6), 1<j <4
We apply Chapter I (on group theoretic foundations)
to the 3-class tower group of F

G =GyI(F) = Gal(Fy™ | F),
with four maximal Subgroups
H; = Gal( /E) 1<y <4
and we gain information about E. ARTIN’s()
shallow 3-class transfers Tr g, Clg(F) — Cl3(E;), and
the deep 3-class transfers T, F : Cly(Ej) — Clg(F(1>),

whose kernels coincide with those of the Schur transfers,

ker(Tp,g;) ~ ker(Tg 1, ), ker(TEj,F?fl)) ~ ker(Ty, cr).

According to the following Lemma, cc(G) = 1 implies
2 00 2 00 .
B = B = (B = (B, 1< <4

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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Suppose that p is a prime,

F'is an algebraic number field

with non-trivial p-class group Cl,F,

and FE is one of the unramified abelian p-extensions of F.
Then E is a subfield of the Hilbert p-class field Fp<1),

and we show that, even in this general situation,

a finite p-class tower of I

exerts a very severe restriction on the p-class tower of E.

Lemma.%)

Assume that F' possesses a p-class tower Fp(oo) = Fp(n) of exact
length ¢,F' = n for an integer n > 1. Then EISOO) = Fp(oo) and
Gal(EY®) /E) is a subgroup of index [E : F] in Gal(E\™ /F).

In particular, if [F : F] = p,
then Gal(E]()oo)/E) is a maximal subgroup of Gal(Flgoo)/F).

Proof. According to the assumptions,

and to the ordering theorem of class field theory,

there exists a tower of field extensions
F<E<FY<EV<F?<EY <

where ¢, F' = n enforces the coincidence

n) n) n+1) n+1l) n—+2
Fzg)_Ezg)_Fp( )_E]g ) — pnt2)

p
Since Gal(F\" /F)/Gal(F\" /E) ~ Gal(E/F),
the group index of Gal(E,gn)/E) = Gal(Flgn)/E) in Gal(Fp(n)/F)
is equal to the field degree [E : F|, and
Gal(E,()oo)/E) = Gal(E]()n)/E) is a subgroup of index [E : F]]
in Gal(E)" /F) = Gal(E\™/F). O

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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5. IDENTIFIERS OF FINITE p-GROUPS

p ... a prime number,
e ... a positive integer (for instance, e < 8 if p = 3),
N ... the number of all p-groups G of order |G| = p°.

Absolute Identifiers: For 1 < < N,
the symbol

(p°,i) or briefly (i)
denotes the
1th p-group of order p°,
according to the SmallGroups Database® of MAGMA®)

(returned by the command IdentifyGroup(),
provided that e < 6 if p = 3).

The Symbols (DQ, (Dg, @9, (D10; resp. @35, @36,
denote isoclinism families by Hall(”), resp. Easterfield©).

Descendant tree of 3-groups G with coclass cc(G) =1

order Blackburn presentation G ~ G (z,w) = (z,y | 23 = sW_ 1, ygsgsg =s5_1, [y,s2]l =sp_1),
where sy = [y,z], s; = [si—1,2], sp—1 #1, sn =1, n >3, a € {0,1}, w,z € {-1,0,1}
9 abelian root C3 X C3
Main Theorem. If Clg(E1) ~ A(3,4) = Cg x Cyg, then k = 1, ker(TF, g, ) = Clz(F),
Dy ( G?(0,0) ~ (99), occurs once,
27 D G3°°)(F) o~ G?(O, —1) ~ (100), if #ker(TE F(l)) = 9¢ occurs twice,
G’?(O, 1) ~ (101), AR does not occur,
) G3(0,0) ~ (26) . 9
@ d, for2<j <4, a>E)~50" C i # ker(T =17
81 3 and, for 257 <4, G377 (Bj) = g50,1) = (27), T #Ker 5, r(0) = 3.

forbidden branch with ¢ = 0 (action flag o of G)
(27 (26)
23 g f \. "
729 D

(E)) <1o> <11>

w =0 w=-1 w=1
62501 152249 252977

admissible branch with o = 1, p = 3 (relation rank p of G)

stem of Hall/Easterfield’s isoclinism family ®3¢

parameter in the power-commutator presentation of G

infinite minimal discriminants d such that G ~ Gg%>((2( Vd))
mainline

forbidden with p =4

- > -—
k=0 k=1
defect of commutativity

You can download this presentation from http://www.algebra.at/DCMEICGA2018Sanya. pdf
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6. COARSE INFORMATION ON THE GROUPS G7(0,w)

Throughout the sections §§ 6 to 10,
we assume that F' = Q(v/d) is a real quadratic field with
discriminant d > 1 and 3-class group Cl3F' ~ C5 x (5.

Furthermore, we denote by E;/F, 1 < j <4,
the four unramified cyclic cubic extensions of F'

within the Hilbert 3-class field Fg(l) of F',

which give rise to totally real dihedral absolute extensions
E;/Q of degree six with torsion free Dirichlet unit rank r =
rnm+ro—1=06+0—1=05.

Lemma."¥ (Coarse structure:)
It the 3-class group Cl3E; is of type Cs x Cj
for some 1 < j < 4, then (after a suitable renumeration)

(V2<j<4) ClE; ~C5x C5 (stabilization)
and the 3-tower group G = GéOO)F is of coclass cc(G) = 1.

(Fine structure:)
[f the 3-class group Cl3FE; of the distinguished extension Ej,
which corresponds to the two-step centralizer Hy = yoG of G
and is called the polarization,
has even logarithmic order Cl3E; ~ A(3,2u) for some u > 2,
then G ~ G7“"%(0, w) for some w € {—1,0,1} and k = 1.

At the 2nd ICGA 2016 Suzhou, we')-(12) have presented
the following distribution of minimal discriminants d
on the coclass-1 tree with abelian root C5 x C.

For positive defect &k = 1, we were unable to distinguish
between the three possible values of the parameter w.
(See the red double contour rectangle on the right hand side.)
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Distlribution6 of 3-tower groups G§°F of real quadratic fields F = Q(v/d) with fundamental discriminants 32009 < d < 208 540 653

order 3™ (1) = beli
Co =(1 abellan 2) — O C-
9T 32 (1) 9 { >D @) X kT an
»#s = (0000)
27 1 33 (1?) TKT A1 GO0 1 =) = G5(0,0) @
T3 . 5
s = (1111) bifurcatiotr; féc();rjg)(& 1)
B(3) depth 1
81 1 34 (21) - Y
/rrm_ - 50
32009 142097
25 28 30 29
243135 | (29),(21) y @ NEE N6 9

@10

<10W<101
P36
62501
\ (390) m‘ (301)
ﬁw\mm@
\ 905 160

period length 2

720 1 46 (32), (22) <9s>./

494 236

2187 + 37 (3%), (32)

6561 + 38 (43), (3%)

10200108 25 714984 B(8)

59049 + 310 | (54), (4?) \\~
G4 (=1,0) Gy (1,0) 7(0,-1) G71(0,0) G1(0,1)

19683 + 39 | (42),(43)

TTT 208 540 653 37304664 40 980 808
A with abelian maximal subgroup | :Sl’:ﬁie without abelian maximal subgroup
TH((9,2))
TKT a.3 a.3 a.2 a.1* a.l a.l a.l
ns = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

6 ClsQ(V/d), resp. ker(T ), for d = 62501 was found by Pall(16) resp. Heider and Schmithals(®.
Q(Vd),E
By
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7. SEPARATING THE GROUND STATE G$(0, w)

Theorem. (Ground state of type a.l.)
If Cl3E; ~ A(3,4) >~ Cy x Cy, then
1. ker(Tr g, ) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F' is

G%(0,0) ~ (729, 99)
GV F ~ { G8(0, —1) ~ (729, 100)
GS(0,1) ~ (729,101)
OCcCurs once,
< among2 < i <4, fker(T, F?El)) = 9 < occurs twice,

(2

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields £} are

G(0,0) ~ (243, 26)

v2<j<4) GYE ~
VZsjsd) Gk {G3(0,1)2<243,27>

9 (total deep transfer),

<= #ker(T =
# ker( Ej, ?51)) {3 (partial deep transfer).

Example. The next figure visualizes the minimal
discriminants of the ground state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf



18

Daniel C. Mayer (Austrian Science Fund), Deep transfers of p-tower groups, ICGA Sanya 2018

Ground stat,e7 of 3-tower groups G5°F ~ G?(O, w) of real quadratic fields F = Q(v/d) with discriminants 62501 < d < 252977

order 3"
9132

27 + 33

81 + 34
243 1 35
729 1 36
2187 1 37
6561 1 38
19683 + 39
59049 + 310

Y

(1) =
belian
Co =(1)_* (2) = C3 x Cq
(1) o] O 3 3 TKT a.l
x5 = (0000)
A3 3
(0,1) =(4) (3) |= G{(0,0)
(12) TKT A.1 © 0 Dy
bifurcation from G(3,1
xs = (1111) o g(3,2)( )
B(3) depth 1
@y -@
AT\ ) =)
32009 142 097
(25) (28) (30) (29)
(22), (21) ) AN U
P10
period length 2
\
. 98) ) )
(32), (22) o |
494 236 \15\ 49 62501 252977
(390) (389) (391)
(3%),(32)
(2224) (2223 (222N2225) (2227)
(43), (3%)
10200108 25714 984 B(8 \ 905 160
(4%), (43)
(54), (42) ' \\~
(0,0 1(0,-1) G7(0,0) GT(0,1)
TTT 208 540 653 37304664 40980 808
) . . infinite . . X
with abelian maximal subgroup Y Lo without abelian maximal subgroup
mainline
T1((9,2))
TKT a.3 a.3 a.2 a.l* a.l a.l a.l
g = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

7 Cl3Q(vd) and G2Q(Vd) for d = 152949 were found by ourselves(10).
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8. SEPARATING THE FIRST EXCITED STATE G%(0, w)

Theorem. (First excited state of type a.l.)
If ClgEl ~ A(S, 6) ~ CQ7 X 6(277 then
1. ker(Tr g, ) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F' is

G5(0,0) ~ (6561, 2225)
G F ~ { G3(0,—1) ~ (6561, 2226)
G5(0,1) ~ (6561, 2227)
OCcCurs once,
< among2 < i <4, ker(T F?El)) = 9 < occurs twice,

(2

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields £} are

G1(0,0) ~ (2187, 386)
G1(0,1) ~ (2187, 387)

9 (total deep transfer),

V2<j<4) GYIE; ~ {

<= #ker(T =
# ker( B, ?51)) {3 (partial deep transfer).

Example. The next figure visualizes the minimal discrimi-
nants of the first excited state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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First excited state of 3-tower groups G5°F o~ GT(O. w) of real quadratic fields F = Q(v/d) with 2905160 < d < 27 786 297

order 3" (1) = beli
Co —(1) abelian oy _ - o
9132 1) o] < >D ) BT TKRT A
#s = (0000)
= G3(0,0)
27 4 33 (12) 0 @y
bifurcation from G(3, 1)
to G(3,2)
depth 1
81+ 34 (21)
142 097
25 28 30 29
243 435 | (22), (21) y @ N N6 T~ @9

period length 2
(98)
729 + 36 | (32), (22) o |

494 236

2187 + 37 (32), (32)

6561 1 38 (43), (3%)

10200108 25 714 984 B(8)\27 7 97 Q 399 596 2905160

19683 + 32 (42), (43)

/

K

59049 + 310 | (54), (42)

G5 (—1,0) G§(1,0) 1(0,-1) G71(0,0) G1(0,1)
TTT 208 540 653 37304 664 40 980 808
infinit
Y with abelian maximal subgroup m Tn _C without abelian maximal subgroup

mainline
T((9,2))

TKT a.3 a.3 a.2 a.l* a.l a.l a.l

s = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

You can download this presentation from http://www.algebra.at/DCMEICGA2018Sanya. pdf
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9. SEPARATING THE SECOND EXCITED STATE G1(0, w)

Theorem. (Second excited state of type a.l.)
If ClgEl ~ A(S, 8) ~ Cgl X Cgl, then
1. ker(Tr p,) = Cl3F (total shallow transfer).

2. In dependence on the deep transfer kernels,
the 3-class tower group of the real quadratic field F' is

G1'(0,0)
G1'(0,1)

occurs once,
< among2 < i <4, ftker(T 1) =9 q occurs twice,
3

(2

does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields £} are

G3(0,0)
G5(0,1)

9 (total deep transfer),

V2<j<4) GYIE; ~ {

<= #ker(T =
# ker( Ej,F?fl)) {3 (partial deep transfer).

Example. The next figure visualizes the minimal discrimi-
nants of the second excited state adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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Second excited state of 3-tower groups G§°F =~ Gi“(O, w) of real quadratic fields F = Q(\/E) with 40980808 < d < 63407037

order 3" (1) = beli
Cg =(1)_2PCHAD 9y — 3 x C.
9T 32 (1) 3 3 1 TKT a1
s = (0000)
G3(0,1) =4) (3)[=G3(0,0)
97 1 43 12) TKT A.1 P2
_ bifurcation from G(3,1
xs = (1111) to g(3,2)( )
depth 1
81+ 34 (21)
142097
(25)
243 + 35 (22), (21) y

period length 2
(98)
729 + 36 | (32), (22) o |

494 236

2187 + 37 (3%),(32)

6561 1 38 (43), (32)

10200 108 25 714 984 B(8)[\27 789.297 10399596 2905 160

19683 + 39 (42), (43) \ \\

)

59049 + 310 | (54), (4?)

G§(1,0)

G§(—1,0)

TTT 208 540 653 37304664 62565429 63407037 40980 808
infinit
Y with abelian maximal subgroup m Tn _C without abelian maximal subgroup
mainline
T((9,2))
TKT a.3 a.3 a.2 a.l* a.l a.l a.l
s = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

You can download this presentation from http://www.algebra.at/DCMEICGA2018Sanya. pdf
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10. FULL SEPARATION OF ALL STATES G7(0,w)

General Theorem. 3

(Hyper fine structure of an arbitrary state of type a.l.)

The case Cl3Ey ~ A(3,2) ~ C3 x C5 cannot occur, but
if Cl3Ey ~ A(3,2u) >~ C3u x Csu, for some u > 2, then
1. (Vl S ] S 4) ker(ijEj) = ClgF

(four total shallow transfer kernels).

2. In dependence on the deep transfer kernels

of the stabilization,
the 3-class tower group of the real quadratic field F' is

G%H_Q(O, _1>
G F ~ { G220, 0)
G%U+2(O, 1)
occurs twice,
<= among2 < j < 4, # ker(TE_ F?f”) = 9 ¢ occurs once,

]7
does not occur.

3. In dependence on the deep transfer kernels,
the 3-class tower groups of the dihedral fields £} are

G(2]u+1 (O, O)

G%U_H(O, 1)

9 (total deep transfer kernel),

3 (partial d.t.k. with fixed point).

V2<j<4) GYVE; ~ {

<~ #ker(TEj,F?El)) = {

Example. The next figure visualizes the minimal discrimi-
nants of known states of type a.l adjacent to the red ovals.

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya. pdf
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Distribution® of 3-tower groups G§°F ~ GT (0, w) of real quadratic fields F = Q(V/d) with discriminants 62501 < d < 63407 037

order 3™

9132

27 + 33

81 + 34

243 1 35

729 4 36

2187 1 37

6561 1 38

19683 + 39
59049 + 310

Y

(1) =
belian
Co =(1) _? (2) = C3 x C:
(1) o] O Br s TKT a.l
x5 = (0000)
3 3
(0,1) =(4) (3) |= G{(0,0)
(12) TKT A.1 © 0 Dy
bifurcation from G(3,1
xs = (1111) o g(3,2)( )
B(3) depth 1
(2 -@
AT\ ) =)
N
32009 142097
(25) (30) (29)
22), (21) ‘ TNB0 T
period length 2
. 98)
(32), (22) o |
494 236
(3%),(32)
\
. (2224) (2223
(43), (3%)
.
10200108 25 4 984 B(8 \< 297 0399 596 2905160
(42), (43) \\,
\
(54), (42) ®
Go (—1,0) 0(1,0) (0,0
TTT 208 540653 37304664 62565429 63407037 40980808
. . . infinite . . X
with abelian maximal subgroup Y Lo without abelian maximal subgroup
mainline
T1((9,2))
TKT a.3 a.3 a.2 a.l* a.l a.l a.l
s = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

8 d = 40980808 was found by Bush(®, the full separation was determined by ourselves(14).
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Proof. (of the Lemma in § 6 and the General Theorem in § 10)

(1)

Firstly, the structure of the 3-class groups
ClE; ~ C5 x (5, for 2 < j < 4, (stabilization)

enforces coclass one for the second 3-class group G:())Q) F.
Together with p = 3, the coclass one of G:(f)F implies

the termination F§2) = Fgfoo) of the 3-class tower of F' at the second stage®.
The 3-class group of the distinguished extension E)/F (polarization),

with even logarithmic order n — k — 1 = 2u, u > 1,
has consequences for the invariants n = logs(|G|) and k
of the 3-class tower group G = GYF = GYF.
Either £ =0, n = 2u + 1 odd with v > 1, and
G = G1(0,0) must be a mainline vertex, due to the required Gl-action'®.
But then the relation rank p(G) = 4 is too big.
Or k=1,n=2u+ 2 even with u > 2, and
G = G7(0,w) is a vertex of depth 1 with defect £ = 1 having both,
the required relation rank™ u(G) = 3, and a Gl-action with flag o = 1.
The positive defect k = 1 implies four total shallow transfer kernels

(Vl < j < 4) ker(TEE].) = ClgF ~ 03 X 03.

Secondly, the parameter w € {—1,0,1} of G = G7(0,w) is determined by
the number N(0) of occurrences of # ker(T, .a)) =9

7273
that is, total deep transfer kernels, among j € {2,3,4},
according to Theorem 2 in § 3.

Next, the Lemma in § 4 implies the coincidence

2 2 3 3 4
B = () = B = (B = B,

J

Therefore, (Ej)§2) = (Ej)goo) also terminates at length (sE; = 2, and

Gy E; = Gal((E))§™ [ Ej) = Gal(F> /E))
is a mazimal subgroup of G = Géoo)F = Gal(Féoo)/F).
Thus, G E; ~ G27(0, w) with w € {0,1}. Finally, if we put
9 =G = Gal(F\™/FY) < 6 := H; = Gal(F\™ /E;) = GV E;,
then we see that the deep transfer kernel ker(TEﬁ Fél)) = ker(Ty, c) of G

coincides with the shallow transfer kernel ker(Tgq,) of & ~ G (0, w).
(Observe that $; = G’ is the polarization of & = H;.) O

9 According to Blackburn(®) .
10 Existence of a generator inverting automorphism o € Aut(G) such that o(z) =z~ ! for x € G/G".
1 According to Shafarevich(1®),
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11. ALL KNOWN REALIZATIONS OF 3-GROUPS GI'(z,w)
AS 3-CLASS TOWER GROUPS Gal(F\™/F)

Real quadratic fields F = Q(v/d) with d < 10° Totally real dihedral fields F' with discriminants d < 1024
Cyclic cubic fields F with conductors ¢ < 10°

order 3™ (1) = beli
Co =(1) abelia (2) = C3 x C
9T 32 (1) 0 B2 rKRT  ad
»#s = (0000)
brancl’ B(2) 657(+2)
G3(0,1y=(4) 3y [XG3(0,0)
27 + 33 12 TKT A.l . . @
3 a5 32092 32009% °
xs = (1111)
3913(x2) 4 *2) B(3) depth 1
(8)
81+ 34 (21)
8001 (x1)

32009
243 + 35 (22), (21)

period length 2

729 4 56 (32), (22) <98)./

14049(x1)

494 236 252977

(391)

2187 + 37 (32), (32)

(2223)

4
6561 + 38 (43), (3%) (222g)

10200108

19683 + 39 (42), (43)

59049 + 310 | (54), (42)

Gg(1,0)

Go(=1,0)

TTT 208 540653 37304 664 62565429 63407037 40980808
infinit
Y with abelian maximal subgroup m 'ru 'e without abelian maximal subgroup
mainline
T1(9,2)
TKT a.3 a.3 a.2 a.1* a.l a.l a.l
s = (2000) (2000) (1000) (0000) (0000) (0000) (0000)

You can download this presentation from http://www.algebra.at/DCME@ICGA2018Sanya.pdf
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lattice £(G) Galois correspondence of lattices lattice L(F)
of normal subgroups of G L(G) >~ L(F) of unramified normal extensions of F

G = Géw)(F) = Gal(Fém)/F) 3-class tower group of F real quadratic field F=Qd), d>1 [F:Q =2

Shallow transfers
TG,u; : G/G' — H;/Hj
and
Tp,p; ¢ Cl3(F) — Cls(E;)

Shallow transfers
do not identify

7 G unambiguously.
ker(TG’Hj )=G/G

’:ker(TF,Ej) = Cl3(F)
for2<;<4

(independent of w)

T
H; = Gal(F{*™) /E; B
j = Gal(F3 ™ /E;
Ey

[Ej:Q =6

Hy

4 unramified\ cyclic cubic exflensions of F

Deep transfers

T 1
Ty, Hi/Hj = G Bq,F§Y

’ and
Hy/Hy T . Cl3(E;) — Clg(FM)
~ Clz(Ey) b (D 5 3
= Vi Jt'3 Deep transfers
o~ A(3., n - 1— k), — admit the unambiguous
polarization 9if j =2,w=0 identification of G.

(dependent on
order 3" and defect k
of G)

#ker(TH'_)G/): 9if j € {3,4},w =—1
/ 3 otherwise

ker(TE‘ es) ) >~ ker(THj ,G’)
(dependent on the parameter w € {—1,0,1}) 7773

G = 72(G) = Gal(F§*) /p{)) @ commutator subgroup of G Hilbert 3-class field of F @ F{" (P Q) = 18
Artin reciprocity isomorphism

G/ ~ Gal(Fél()lgF) ~ Clg(F) ~ C3 x Cs

Hj/Hj ~ Gal((Ej)3 ' /Ej) ~ Clz(E;) ~ C3 x C3
for 2 < j < 4, stabilization

(independent of order 3" and defect k of G)
H;. = v3(G) = Gal(Fém)/(Ej)él)) @ commutator subgroup of Hj Hilbert 3-class field of E; @ (Ej)él)
for2<j;<4 for2< ;<4

maximal unramified pro-3 extension:

3-class tower of F'
G/ = 1 @ trivial subgroup of G and of E;, which is dihedral over Q @ Féz) — Féw) — (Ej)g?) _ (Ej)(3°°)
for2<j5j<4

Descendant tree of 3-groups G with coclass cc(G) = 1

order Blackburn presentation G >~ GJ (z,w) = (z,y | z3 = sW_q, yasgsg =sZ_1, ly,s2]l =52 _1),
where s3 = [y, 2], s; = [si—1,2], sn—1#1, sn =1, n>3, a€{0,1}, w,z € {-1,0,1}

9 abelian root C3 x C3

Main Theorem. If Cl3(E1) >~ A(3,4) = Cg x Cy, then k = 1, ker(Tp, g, ) = Clg(F),

G$(0,0) ~ (99), occurs once,
27 D P2 (00) &
Gy (F) ~ G?(O7 —1) ~ (100), if #kcr(TE F(l)) = 9 ¢ occurs twice,
G?(O7 1) ~ (101), i3 does not occur,
g ; (00) gy ~ JGB(0,0) = (26), _ s,
81 D3 and, for 2 <j <4, Gy (Ej) ~ {Ggw’ 1) ~ (27), if #ker(TEj,FS(U) =93

forbidden branch with ¢ = 0 (action flag o of G)

(27 (26)
243 aq P10
admissible branch with ¢ = 1, p = 3 (relation rank p of G)
729 D <()> <l[)> <ll> stem of Hall/Easterfield’s isoclinism family ®3g
P35 w=0 w=—1 w=1 parameter in the power-commutator presentation of G
infinite ' 62501 152249 252977 / minimal discriminants d such that G ~ (7(;x>(§(\/r7))
mainline
forbidden with pu = 4
- > < >

k=0 k=1
defect of commutativity



