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lattice L(G)

of normal subgroups of G

Galois correspondence of lattices

L(G) ' L(F )
� -

lattice L(F )

of unramified normal extensions of Fu uG = G
(∞)
3 (F ) = Gal(F

(∞)
3 /F ) 3-class tower group of F real quadratic field F = Q(

√
d), d > 1 [F : Q] = 2

Shallow transfers
TG,Hj

: G/G′ → Hj/H
′
j

and
TF,Ej

: Cl3(F )→ Cl3(Ej)

ker(TG,Hj
) = G/G

′

' ker(TF,Ej
) = Cl3(F )

for 2 ≤ j ≤ 4

(independent of w)

Shallow transfers

do not identify

G unambiguously.

TG,H2
TG,H3

TG,H4
TF,E2

TF,E3
TF,E4
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H1/H
′
1

' Cl3(E1)

' A(3, n− 1− k),

polarization

(dependent on

order 3n and defect k

of G)
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4 maximal subgroups of G

Hj = Gal(F
(∞)
3 /Ej) u u uE2 E3 E4

4 unramified cyclic cubic extensions of F [Ej : Q] = 6

Deep transfers
THj,G

′ : Hj/H
′
j → G′

and
T
Ej,F

(1)
3

: Cl3(Ej)→ Cl3(F
(1)
3 )

TH2,G′ TH3,G′ TH4,G′
T
E2,F

(1)
3

T
E3,F

(1)
3

T
E4,F

(1)
3

# ker(THj,G
′ ) =


9 if j = 2, w = 0

9 if j ∈ {3, 4}, w = −1

3 otherwise

(dependent on the parameter w ∈ {−1, 0, 1})

Deep transfers

admit the unambiguous

identification of G.

ker(T
Ej,F

(1)
3

) ' ker(THj,G
′ )
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G′ = γ2(G) = Gal(F
(∞)
3 /F

(1)
3 ) commutator subgroup of G Hilbert 3-class field of F F

(1)
3

u u [F
(1)
3 : Q] = 18

Artin reciprocity isomorphism

G/G′ ' Gal(F
(1)
3 /F ) ' Cl3(F ) ' C3 × C3

Hj/H
′
j ' Gal((Ej)

(1)
3 /Ej) ' Cl3(Ej) ' C3 × C3

for 2 ≤ j ≤ 4, stabilization

(independent of order 3n and defect k of G)u uH′j = γ3(G) = Gal(F
(∞)
3 /(Ej)

(1)
3 ) commutator subgroup of Hj

for 2 ≤ j ≤ 4

Hilbert 3-class field of Ej

for 2 ≤ j ≤ 4

(Ej)
(1)
3

u uG′′ = 1 trivial subgroup of G

maximal unramified pro-3 extension:

3-class tower of F
and of Ej , which is dihedral over Q F

(2)
3 = F

(∞)
3 = (Ej)

(2)
3 = (Ej)

(∞)
3

for 2 ≤ j ≤ 4

Descendant tree of 3-groups G with coclass cc(G) = 1

Blackburn presentation G ' Gn
a (z, w) = 〈x, y | x3 = swn−1, y

3s32s3 = szn−1, [y, s2] = san−1〉,
where s2 = [y, x], si = [si−1, x], sn−1 6= 1, sn = 1, n ≥ 3, a ∈ {0, 1}, w, z ∈ {−1, 0, 1}

Main Theorem. If Cl3(E1) ' A(3, 4) ' C9 × C9, then k = 1, ker(TF,E1
) = Cl3(F ),

G
(∞)
3 (F ) '


G6

1(0, 0) ' 〈99〉,
G6

1(0,−1) ' 〈100〉,
G6

1(0, 1) ' 〈101〉,
if # ker(T

Ej,F
(1)
3

) = 9


occurs once,

occurs twice,

does not occur,

and, for 2 ≤ j ≤ 4, G
(∞)
3 (Ej) '

{
G5

0(0, 0) ' 〈26〉,
G5

0(0, 1) ' 〈27〉,
if # ker(T

Ej,F
(1)
3

) =

{
9,

3.

order

9

27

81

243

729

abelian root C3 × C3
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mainline

forbidden with µ = 4
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〈27〉 〈26〉ee
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PPPPPPPPPb b bforbidden branch with σ = 0 (action flag σ of G)
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〈99〉

w = 0

62501

〈100〉
w = −1

152249

〈101〉
w = 1

252977

b b badmissible branch with σ = 1, µ = 3 (relation rank µ of G)#
"

 
!

stem of Hall/Easterfield’s isoclinism family Φ36

parameter in the power-commutator presentation of G

minimal discriminants d such that G ' G(∞)
3 (Q(

√
d))

� -
k = 0

� -
k = 1

defect of commutativity


