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1. Lattice Minima and Units

1.1. Continued fractions.

Definition 1.1. Let x ∈ R \ Q be an irrational number. The continued fraction expansion
(CFE) of x is defined recursively by two sequences (xi)i≥0 and (ai)i≥0 such that

(1)

x0 :=x,

a0 :=bx0c,

xi :=
1

xi−1 − bxi−1c
, for i ≥ 1,

ai :=bxic, for i ≥ 1.

For each i ≥ 1, the integer ai ≥ 1 is called the ith partial quotient and the real number xi > 1
is called the ith total (or complete) quotient of the CFE of x, which is formally denoted by

[a0, a1, a2, . . .].

Remark 1.1. We have

x = x0 = a0 +
1
x1

= a0 +
1

a1 + 1
x2

= a0 +
1

a1 + 1
a2+ 1

x3

= · · ·

Thus the construction of the partial and total quotients gives rise to finite representations of
x in the form x = [a0, a1, a2, . . . , ai−1, xi], for each i ≥ 0.
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Algorithm 1.1. (Continued Fraction Algorithm, CFA)
Input: a real number x ∈ R and an upper bound b ≥ 0.
Initialization:
i← 0;
a0 ← bxc; Store or output a0;
x← x− a0;
Recursion:

while ((x > 0) and (i ≤ b)) {
i← i+ 1;
x← 1

x ;
ai ← bxc; Store or output ai;
x← x− ai;

}
Termination: either if some x is an integer or if i > b.
Output: the sequence of partial quotients (a0, a1, a2, . . .).
Complexity: O(b) steps.

Warning. The correct execution of Algorithm 1.1 depends on the precision of the input x
and of the inversion x← 1

x .

Definition 1.2. The sequences of numerators and denominators of the convergents Pi
Qi

for
the CFE of x ∈ R \Q are defined recursively by

(2)

P−2 :=0,

Q−2 :=1,

P−1 :=1,

Q−1 :=0,

Pi :=aiPi−1 + Pi−2, for i ≥ 0,

Qi :=aiQi−1 +Qi−2, for i ≥ 0.
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Theorem 1.1. For each i ≥ 0, the convergent Pi
Qi

for the CFE of x ∈ R \Q coincides exactly
with the rational approximation [a0, a1, a2, . . . , ai] of x. It satisfies the inequality∣∣∣∣x− Pi

Qi

∣∣∣∣ < 1
QiQi+1

<
1
Q2

i

,

and for even i ≥ 0 the inequalities

Pi

Qi
<
Pi+2

Qi+2
< x <

Pi+3

Qi+3
<
Pi+1

Qi+1
.

In particular, the limit of the sequence of convergents exists, equals x, and is also denoted by

[a0, a1, a2, . . .] := lim
i→∞

[a0, a1, a2, . . . , ai] = lim
i→∞

Pi

Qi
= x.
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Theorem 1.2. Let x ∈ R be a real number. The continued fraction expansion x = [a0, a1, . . .]
of x is

(1) finite x = [a0, . . . , an], for some integer n ≥ 0, if and only if x ∈ Q is a rational
number,

(2) infinite and periodic x = [a0, . . . , ap−1, ap, . . . , ap+`−1], for some preperiod p ≥ 0 and
some period length ` ≥ 1, if and only if x ∈ Q(

√
D), for some square free D > 1, is a

quadratic irrationality.

For quadratic irrationalities, the CFE can be determined with less precision requirements,
using integer arithmetic only.

Theorem 1.3. Let D > 1 be a non-square positive integer and x = M0+
√

D
N0

∈ Q(
√
D) be a

quadratic irrationality, with integers N0 6= 0 and M0 such that N0 divides D −M2
0 . Let the

(necessarily periodic) CFE of x be x = [a0, a1, . . .].
If the sequences of coefficients (Mi)i≥1 and denominators (Ni)i≥1 are defined recursively by

(3)
Mi :=ai−1Ni−1 −Mi−1,

Ni :=
D −M2

i

Ni−1

then

(1) the total quotients of the CFE of x are given by the expressions xi = Mi+
√

D
Ni

for i ≥ 1,
(2) the denominators are also given by Ni = ai−1(Mi−1 − Mi) + Ni−2 for i ≥ 2, in

particular they are integers and D −M2
i = NiNi−1 for i ≥ 1,

(3) the coefficients and denominators are bounded by |Mi| <
√
D and 1 ≤ Ni ≤ D, for

sufficiently large i ≥ 0, and
(4) a connection with the numerators Pi and denominators Qi of the convergents for the

CFE of x is given by Scheffler’s formula

NormK|Q(νj
1(1)) =

(Pi−1N0 −Qi−1M0)2 −DQ2
i−1

N2
0

= (−1)iNi

N0
.

In particular, if x =
√
D with M0 = 0 and N0 = 1 is a pure square root, then the bounds can

be improved to 0 ≤ Mi <
√
D, 1 ≤ Ni < 2

√
D, and the relation P 2

i−1 − DQ2
i−1 = (−1)iNi

implies firstly that
P 2

i−1 ≡ (−1)iNi (mod D),

and secondly that

(Pi−1Q
−1
i−1)2 ≡ D (mod p) and thus

(
D

p

)
= +1,

for every prime factor p of Ni.
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Example 1.1. We determine the fundamental unit ε > 1 and its norm for the discriminants
d ∈ {12, 57} (resp. the associated square free radicands D).

(1) d = 12, D = 3:
since d = 3 · 4 ≡ 0 (mod 4), start with x0 =

√
3 ≈ 1.732, a0 = 1,

M0 = 0, N0 = 1, N−1 = D−M2
0

N0
= 3−0

1 = 3;

M1 = a0N0 −M0 = 1 · 1− 0 = 1,
N1 = a0(M0 −M1) +N−1 = 1 · (0− 1) + 3 = −1 + 3 = 2,
x1 = M1+

√
D

N1
= 1+

√
3

2 ≈ 1.366, a1 = 1;

M2 = a1N1 −M1 = 1 · 2− 1 = 12− 7 = 1,
N2 = a1(M1 −M2) +N0 = 1 · (1− 1) + 1 = 1,
x2 = M2+

√
D

N2
= 1+

√
3

1 ≈ 2.732, a2 = 2;

M3 = a2N2 −M2 = 2 · 1− 1 = 1,
N3 = a2(M2 −M3) +N1 = 2 · (1− 1) + 2 = 2, and periodicity x3 = x1 sets in.

Consequently, the CFE is given by x = [1; 1, 2] with even period length ` = 2.
However, for the representation ε = P`−1 + Q`−1 ·

√
3 of the fundamental unit with

`− 1 = 1 we need the successive numerators and denominators of convergents:

P0 = a0P−1 + P−2 = 1 · 1 + 0 = 1, Q0 = a0Q−1 +Q−2 = 1 · 0 + 1 = 1,
P1 = a1P0 + P−1 = 1 · 1 + 1 = 2, Q1 = a1Q0 +Q−1 = 1 · 1 + 0 = 1,

ε = 2 +
√

3 is the fundamental unit of K = Q(
√

3) with norm

NormK|Q(ε) = (2 +
√

3) · (2−
√

3) = 4− 3 = +1,

and the regulator is given by

R = log(ε) = log(2 +
√

3) ≈ 1.3169579.

(2) d = D = 57:
since d = 7 · 8 + 1 ≡ 1 (mod 8), start with x0 = 1

2(−1 +
√

57) ≈ 3.2749, a0 = 3,

M0 = −1, N0 = 2, N−1 = D−M2
0

N0
= 57−1

2 = 28;

M1 = a0N0 −M0 = 3 · 2− (−1) = 6 + 1 = 7,
N1 = a0(M0 −M1) +N−1 = 3 · (−1− 7) + 28 = −24 + 28 = 4,
x1 = M1+

√
D

N1
= 7+

√
57

4 ≈ 3.637, a1 = 3;
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M2 = a1N1 −M1 = 3 · 4− 7 = 12− 7 = 5,
N2 = a1(M1 −M2) +N0 = 3 · (7− 5) + 2 = 6 + 2 = 8,
x2 = M2+

√
D

N2
= 5+

√
57

8 ≈ 1.5687, a2 = 1;

M3 = a2N2 −M2 = 1 · 8− 5 = 3,
N3 = a2(M2 −M3) +N1 = 1 · (5− 3) + 4 = 6,
x3 = M3+

√
D

N3
= 3+

√
57

6 ≈ 1.758, a3 = 1;

M4 = a3N3 −M3 = 1 · 6− 3 = 3,
N4 = a3(M3 −M4) +N2 = 1 · (3− 3) + 8 = 8,
x4 = M4+

√
D

N4
= 3+

√
57

8 ≈ 1.3187, a4 = 1;

M5 = a4N4 −M4 = 1 · 8− 3 = 5,
N5 = a4(M4 −M5) +N3 = 1 · (3− 5) + 6 = 4,
x5 = M5+

√
D

N5
= 5+

√
57

4 ≈ 3.137, a5 = 3;

M6 = a5N5 −M5 = 3 · 4− 5 = 12− 5 = 7,
N6 = a5(M5 −M6) +N4 = 3 · (5− 7) + 8 = −6 + 8 = 2,
x6 = M6+

√
D

N6
= 7+

√
57

2 ≈ 7.2749, a6 = 7;

M7 = a6N6 −M6 = 7 · 2− 7 = 14− 7 = 7,
N7 = a6(M6 −M7) +N5 = 7 · (7− 7) + 4 = 4, and periodicity x7 = x1 sets in.

Consequently, the CFE is given by x = [3; 3, 1, 1, 1, 3, 7] with even period length ` = 6.
However, for the representation ε = P`−1 +Q`−1 · 12(1 +

√
57) of the fundamental unit

with `− 1 = 5 we need the successive numerators and denominators of convergents:

P0 = a0P−1 + P−2 = 3 · 1 + 0 = 3, Q0 = a0Q−1 +Q−2 = 3 · 0 + 1 = 1,
P1 = a1P0 + P−1 = 3 · 3 + 1 = 10, Q1 = a1Q0 +Q−1 = 3 · 1 + 0 = 3,
P2 = a2P1 + P0 = 1 · 10 + 3 = 13, Q2 = a2Q1 +Q0 = 1 · 3 + 1 = 4,
P3 = a3P2 + P1 = 1 · 13 + 10 = 23, Q3 = a3Q2 +Q1 = 1 · 4 + 3 = 7,
P4 = a4P3 + P2 = 1 · 23 + 13 = 36, Q4 = a4Q3 +Q2 = 1 · 7 + 4 = 11,
P5 = a5P4 + P3 = 3 · 36 + 23 = 131, Q5 = a5Q4 +Q3 = 3 · 11 + 7 = 40,

ε = 131 + 40 · 1
2(1 +

√
57) = 151 + 20

√
57 is the fundamental unit of K = Q(

√
57)

with norm

Norm(ε) = (151 + 20
√

57) · (151− 20
√

57) = 22801− 400 · 57 = 22801− 22800 = +1,
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and the regulator is given by

R = log(ε) = log(151 + 20
√

57) ≈ 5.71041605.
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