SECOND LECTURE FOR THE RESEARCH SCHOOL CIMPA 2015:
“CLASS GROUPS VIA QUADRATIC FORMS”

DANIEL C. MAYER

1. QUADRATIC FORMS
Definition 1.1. A homogeneous bivariate polynomial
f(X,Y)=aX?+bXY +cY? € Z[X,Y]
of degree 2 is called a binary quadratic form with integer coefficients, briefly a form with
symbol f = (a,b,c). The discriminant of f is given by
d=A(f) =b* — 4ac

and the so-called roots of f by

—b+Vd _ —b—d
p=—7——— and p=——.
2a 2a
A form f = (a,b,c) is called positive definite if d < 0 and a > 0, and it is called indefinite if
d > 0 but d is not a complete square.

Remark 1.1. In the sequel, we exclude negative definite forms with d < 0 and a < 0, and also
degenerate forms with d a square, in particular neither a nor ¢ will be zero.
Furthermore, since

¥ =d+4ac=d mod 4,

the coefficient b must have the same parity (i.e. odd or even) as the discriminant d.
We are mainly interested in primitive forms having coprime coefficients with ged(a, b, c) =1,

since otherwise
d = b* — dac = (nby)? — 4(nag)(neo) = nQ(bg —dagcp) =n?dy  with n>1
is not a fundamental discriminant.

Definition 1.2. A positive definite form f = (a,b,¢) is called reduced if
either —a<b<a<ec or 0<b<a=c.
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Denote by h(d) the number of reduced positive definite forms with fixed discriminant d < 0.

Remark 1.2. If f is positive definite and reduced, then |d| = 4ac — b? > 4a® — a® = 3a® and
thus
Id|
3
Definition 1.3. The roots of a form f = (a,b,c) with discrimiant d = b? — 4ac # 0 are
defined as the complex or real zeros of f(X,1) = aX? + bX + ¢, that is

—b++d . —b—Wd
— and p=——.
2a 2a

Remark 1.3. The root p of a reduced positive definite form belongs to the fundamental region

v
e

p:

>1 if Re(z) <0,

1 1
F={zeH|—= <Re(z) < = and |2|
2 2 >1 ifRe(z) >0
of the operation of the special linear group SL(2,Z) on the upper half plane
H={z € C|Im(z) > 0}.

Definition 1.4. Two forms f = (a,b,c) and F = (A, B,C) are called equivalent, if there
exists a unimodular linear transform x = aX 4+ Y, y = vX + Y such that F(X,Y) =
flaX 4+ BY,vX + dY). The coefficients of F' are then given by

A= aa® +bay + 7 = f(a,7),

B = 2aaf + b(ad + 57) + 2¢796,
C = af? +bB6 + c6* = £(5,6).

Definition 1.5. An indefinite form f = (a,b,¢) is called reduced if
0<Vd—b<2lal <Vd+b.
Denote by n(d) the number of reduced indefinite forms with fixed discriminant d > 0.

Remark 1.4. An indefinite form f is reduced if and only if
0<b<+vd and ‘2|ay—\/&‘ <b.
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Theorem 1.1. Fach equivalence class of positive definite forms contains a unique reduced

form.

Algorithm 1.1. (Counting reduced positive definite forms)
Input: a negative fundamental discriminant d < 0.
Memory: a list L of forms f = (a,b,c).
Initialization:
L]
h—0
a—1
Recursion:
while (a < /1) {
if (0=d mod 4) b0
else b« 1
while (b <a) {
¢« |d| +b?
if (0 = ¢ mod 4a) {
¢« cdiv 4a
if (c>a) {
h«—h-+1
append f = (a,b,c) to L
}if
if ((b>0) and (b < a) and (¢ > a) {
h—h-+1
append f = (a,—b,c) to L
}if
}if

b—b+2
} while b
a+—a+1
} while a
Termination: a > %.
Output:

a list L of all reduced positive definite forms f = (a, b, ¢) with discriminant d = b* — 4ac < 0,
and the number h = h(d) of all equivalence classes of positive definite forms with discriminant
d under the action of SL(2,Z).

Complexity: O(d) steps.
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Algorithm 1.2. (Counting reduced indefinite forms)
Input: a positive fundamental discriminant d > 0.
Memory: a list L of forms f = (a,b,c).
Initialization:
L1
n 0
if (0 =d mod 4) b« 2
else b« 1
Recursion:
while (b < Vd) {
a— [V 11
while (a < Yeib) {
if (0= (b*> —d) mod 4a) {
¢« (b? —d) div 4a
n<«—mn+2
append f = (a,b,c) to L
append f = (—a,b,—c) to L
}if
a+—a+1
} while a
b—b+2
} while b
Termination: b > v/d.
Output:
a list L of all reduced indefinite forms f = (a,b,c) with discriminant d = b*> — 4ac > 0, and

~—

the number n = n(d) of all reduced indefinite forms with discriminant d.

Complexity: O(d) steps.



SECOND LECTURE IN “COMPUTATIONAL NUMBER THEORY” 5

Example 1.1. We determine all reduced positive definite forms f = (a, b, c) for some small
discriminants —15 < d < —3.
(1) d=-3: a</ld = \/§:1:>a:1,
dodd:>b§a:10dd:>b:1,
ld|+b? =3+ 1=4divisible by da =4 = c=§ =1,
f=(1,1,1) with root £ = =2vd — Z14V=5 _ ¢ 1¢| — 1, Re(¢) = —
(2) d=—4: ag\/@:\/%zl.l%:a:l,
deven —= b<a=1even — b =0,
|d| +b? = 4 divisible by 4a =4 = c = § =1,
£ =(1,0,1) with root £ = =1vd — F =/—1=04, |¢] =1, Re(€) = 0.
(3) d=—T: a< \/@:\/gzl.528:>a:1,
dodd=b<a=1odd = b=1,
ld| +b* =7+1=8 divisible by da =4 = c = ¥ =2,

N[ =

£ =(1,1,2) with root £ = =2EYd — V=T 1e] — /2 Re(¢) = —3.
(4)d:—8:a§\/@:\/§z1.633:>a:1,

deven = b<a=1even = b =0,

|d| +b* = 8 divisible by da =4 = ¢ = § =2,

£ =(1,0,2) with root £ = =4Vd — V=8 — /75 || = \/2, Re(€) =
(5)d:—11:a§\/%7|: %~1915:>a_1

dodd =b<a=1lodd = b=1,

|d| +b* = 11+ 1 = 12 divisible by da =4 = ¢ = 12 =3,

f:(1,1,3)withroot§:_b;a\/‘g:_“r%/jl, €] = V3, Re(¢) = —1.

(6) d=—15: a < (/1 = /10 ~ 2936 — 1 <a <2

e ag=1:
dodd=b<a=10odd = 0b=1,
|d| +b* = 154 1 = 16 divisible by 4da =4 = ¢ =1 =4,

fi = (1,1,4) with root ¢ = =2EYd — Z16V=15 11e) 9 Re(¢) = —3;
o a=2:

dodd = b<a=2o0dd = b=1,

|d| + b* = 15+ 1 = 16 divisible by 4a =8 = ¢ = 18 =2,

f2=1(2,1,2) with root £ = —b;;;/& = _1+}1/_T5, €] =1, Re(¢) = —%;

here, we have b > 0, b < a, but ¢ = a, and thus we are done.

This is the first example with h(—15) =
Here, f5 is of order 2 and thus its own inverse.
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Example 1.2. We determine all reduced positive definite forms f = (a,b,c) for slightly
bigger discriminants —23 < d < —19.

(1) d=—19: a </ =\ /2~ 2517 —= 1 <a <2

e a=1:
dodd =b<a=10dd = b=1,
|d| +b% =19+ 1 = 20 divisible by 4a =4 = ¢ = 2 =5,
£ =(1,1,5) with root £ = =bEVd — “LHY=19 e — /5 Re(¢) = —1;
e a=2:
dodd=b<a=2o0dd = b=1,
|d| 4+ b% = 19 + 1 = 20 not divisible by 4a = 8 and we are done.
(2) d=-20: a </l = /D m2582 — 1<a<2
e ag=1:
deven = b<a=1even = b =0,
|d| + b* = 20 divisible by 4da =4 = ¢ = 2 =5,
fi = (1,0,5) with root ¢ = =tVd — V=20 /75 1e| — /5 Re(€) = 0;

e qg=2:
deven = b<a=2even — 0<b < 2;
(a) b=0:
|d| + b? = 20 not divisible by 4a = 8;
(b) b=2:

|d| + b = 20 + 4 = 24 divisible by 4a =8 = ¢ = & =3,

fo = (2,2,3) with root ¢ = *b;a\/a = 2B e = \/g Re(€) = —3;

here, we have b > 0, ¢ > a but b = a, and thus we are done.
This is the second example with A(—20) = 2. fs is of order 2 and thus its own inverse.
(3) d = —23: ag\/@:@zz?w:ngagz;
e a=1:
dodd = b<a=1o0dd = b=1,
|d| + b* = 23 + 1 = 24 divisible by 4a =4 => ¢ = 4! =6,
f1 = (1,1,6) with root ¢ = =2iYd — “14=23 ey (/6 Re(¢) = —1:
e q=2:
dodd = b<a=2o0dd = b=1,
|d| + b = 23 + 1 = 24 divisible by 4da =8 = ¢ = & = 3,

fo=1(2,1,3) with root £ = *b;ra\/g = _1+4V =2 ¢ = @7 Re(¢) = —1;

here, we have b > 0, b < a, ¢ > a, and thus we additionally get
fa=(2,—1,3) with root & = =2EYd — 1EV=23 e V6 Re(g) = 1.

This is the first example with h(—23) = 3. Here, f> is of order 3 with inverse f3 = f; L
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